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Abstract 

An affine hypersurface M is said to admit a pointwise symmetry, if 
there exists a subgroup G of Aut (TpM) for all p G M, which preserves 
(pointwise) the affine metric h, the difference tensor K and the affine 
shape operator S. Here, we consider 3-dimensional indefinite affine 
hyperspheres, i. e. S' = Hid (and thus S is trivially preserved). First 
we solve an algebraic problem. We determine the non-trivial stabilizers 
G of a traceless cubic form on a Lorentz-Minkowski space under the 
action of the isometry group SO{l, 2) and find a representative of each 
50(1, 2)/G-orbit. Since the affine cubic form is defined by h and K, 
this gives us the possible symmetry groups G and for each G a canonical 
form of K. Next, we classify hyperspheres admitting a pointwise G- 
symmetry for all non-trivial stabilizers G (apart from Z2). Besides 
well-known hyperspheres (for Z2 x Z2 resp. K the hyperspheres have 
constant sectional curvature and Pick invariant J < resp. J = 0) we 
obtain rich classes of new examples e.g. warped product structures of 
two-dimensional affine spheres (resp. quadrics) and curves. Moreover, 
we find a way to construct indefinite affine hyperspheres out of 2- 
dimensional quadrics or positive definite affine spheres. 

Subject class: 53A15 (15A21, 53B30) 

Keywords: 3-dimensional affine hyperspheres, indefinite affine metric, point- 
wise symmetry, SO{l, 2)-action, stabilizers of a cubic form, affine differential 
geometry, affine spheres, reduction theorems, Calabi product of hyperbolic 
affine spheres 



1 Introduction 

Let be a connected, oriented manifold. Consider an immersed hy- 
persurface with relative normalization, i.e., an immersion (p: M^^^ 
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together with a transverse vector field ^ such that has its image in 
(fiifTxM. Equi-affine geometry studies the properties of such immersions 
under equi-affine transformations, i. e. volume-preserving linear transfor- 
mations {SL{n + 1,M)) and translations. 

In the theory of nondegenerate equi-affine hypersurfaces there exists a 
canonical choice of transverse vector field ^ (unique up to sign), called the 
affine (Blaschke) normal, which induces a connection V, a nondegenerate 
symmetric bilinear form h and a 1-1 tensor field S by 



for all X, y G X{M). The connection V is called the induced affine con- 
nection, h is called the affine metric or Blaschke metric and S is called the 
affine shape operator. In general V is not the Levi Civita connection V of 
h. The difference tensor K is defined as 



for all X, y G X[M). Moreover the form h{K{X, Y), Z) is a symmetric cubic 
form with the property that for any fixed X £ X{M), trace Kx vanishes. 
This last property is called the apolarity condition. The difference tensor K, 
together with the affine metric h and the affine shape operator S are the most 
fundamental algebraic invariants for a nondegenerate affine hypersurface 
(more details in Sec. HI). We say that M" is indefinite, definite, etc. if the 
affine metric h is indefinite, definite, etc. For details of the basic theory of 
nondegenerate affine hypersurfaces we refer to |LSZ93j and |NS94j . 

Here we will restrict ourselves to the case of affine hyperspheres, i. e. 
the shape operator will be a (constant) multiple of the identity {S = Hid). 
Geometrically this means that alle affine normals pass through a fixed point 
or they are parallel. The abundance of affine hyperspheres dwarfs any at- 
tempts at a complete classification. Even with the restriction to locally 
strongly convex hyperspheres (i. e. h is positive definite) and low dimensions 
the class is simply too large to classify. In order to obtain detailed informa- 
tion one has therefore to revert to sub-classes such as the class of complete 
affine hyperspheres (see |LSZ93j and the references contained therein or i. e. 
|.TLn5j for a very recent result). Various authors have also imposed curva- 
ture conditions. In the case of constant curvature the classification is nearly 
finished (see [VraflDj and the references contained therein). In analogy to 
Chen's work, [Chi93], a new curvature invariant for positive definite affine 
hyperspheres was introduced in |SSVV97] . A lower bound was given and, for 
n = 3, the classification of the extremal class was started. This classification 
was completed in |SV96j . |KSV01j and |KV99j . The special (simple) form 
of the difference tensor K for this class is remarkable, actually it turns out 
that the hyperspheres admit a certain pointwise group symmetry |Vra04j . 



DxY = VxY + h{X,Y)^, 
Dxi = -SX, 



(1) 
(2) 



K{X,Y) = VxY -VxY, 



(3) 
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A hypersurface is said to admit a pointwise group symmetry if at every 
point the affine metric, the affine shape operator and the difference tensor 
are preserved under the group action. Necessarily the possible groups must 
be subgroups of the isometry group. The study of submanifolds which ad- 



mit a pointwise group symmetry was initiated by Bryant in BryOl where 
he studied 3-dimensional Lagrangian submanifolds of C^, i. e. the isometry 
group is S0(3). Because of the similar basic invariants, Vrancken trans- 
ferred the problem to 3-dimensional positive definite affine hyperspheres. A 
classification of 3-dimensional positive definite affine hyperspheres admitting 
pointwise symmetries was obtained in |Vran4j and then extended to positive 
definite hypersurfaces in |LSj (here the affine shape operator is non-trivial 
and thus no longer trivially preserved by isometrics). Now, for the first time, 
we will consider the indefinite case, namely 3-dimensional indefinite affine 
hyperspheres. 

We can assume that the affine metric has index two, i. e. the correspond- 
ing isometry group is the (special) Lorentz group S0(l,2). Our question is 
the following: What can we say about a three-dimensional indefinite affine 
hypersphere, for which there exists a non-trivial subgroup G of S0{1, 2) such 
that for every p £ M and every L £ G: 

K{LXp, LYp) = L{K{Xp, Y^)) \/Xp, e T,M. 

In Section 121 we will state the basic formulas of (equi-)affine hypersurface- 
theory needed in the further classification. We won't need hypersurface- 
theory in Section and ^ were we consider the group structure of S0(l,2) 
and its action on cubic forms. In Section |31 we show that there exist six 
different normalforms of elements of S0(1, 2), depending on the eigenvalues 
and eigenspaces. We can always find an oriented basis of Mf such that every 
L G S0(1, 2) has one (and only one) of the following matrix representations: 

/lO 0\ , svr-, /100\ ^, /-I 00 

cost -sint , t G (0, 27r) \ {vr}, -l , Id, 1 
VOsinf cost / VOO— 1/ \00~1 

all of these with respect to an ONB {t, v, w}, t timelike, v,w spacelike, or 

i \ / 1 _i _i 

1 1^ 

^ - J Vo 1 



with respect to a (LV) basis {e,v,f}, e, f lightlike, v spacelike (Theorem^. 

Since we are interested in pointwise group symmetry, in Sec. we study 
the nontrivial stabilizer of a traceless cubic form K under the S0(1, 2)-action 
p{L)(K) = K o L. (cp. |Bry01| for the classification of the SO(3)-action). 
It turns out that the S0(1, 2)-stabilizer of a nontrivial traceless cubic form 
is isomorphic to either S0(2), S0(1, 1), M, the group S3 of order 6, Z2 x Z2, 
Z3, Z2 or it is trivial (Theorem [^. 

In the following we classify the indefinite affine hyperspheres which ad- 
mit a pointwise Z2 x Z2-symmetry (Section [SJ, M-symmetry (Sectional), 
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S0(2)- or Zs-symmetry fSection l7.1|) . S'3-symmetry (Section l7.2|) or S0(1, 1)- 
symmetry (Section|Sl). In case of Z2 x Z2 resp. M, we get the indefinite affine 
hyperspheres of constant sectional curvature with negative resp. vanishing 
Pick invariant J; those with J > are examples for Z2-symmetry. The other 
classes are very rich, most of them are warped products of two-dimensional 
affine spheres (Z3) resp. quadrics (S0(2), S0(1,1)), with a curve. Thus 
we get many new examples of 3-dimensional indefinite affine hyperspheres. 
Furthermore, we show how one can construct indefinite affine hyperspheres 
out of two-dimensional quadrics or positive definite affine spheres. 

2 Basics of affine hypersphere theory 

First we recall the definition of the affine normal (cp. |NS94j ). In equi- 
affine hypersurface theory on the ambient space M""*"^ a fixed volume form 
det is given. A transverse vector field ^ induces a volume form on M by 
9{Xi, . . . , Xn) = det((/9*Xi, . . . , (p^Xn, S,)- Also the affine metric h defines a 
volume form ujh on M, namely coh = | det/i|^/^. Now the affine normal ^ is 
uniquely determined (up to sign) by the conditions that is everywhere 
tangential (which is equivalent to VO = 0) and that 

9 = uJh. (4) 

Since we only consider 3-dimensional indefinite hyperspheres, i. e. 

S = Hid, H = const. (5) 

we can fix the orientation of the affine normal ^ such that the affine met- 
ric has signature one. Then the sign of H in the definition of an affine 
hypersphere is an invariant. 

Next we state some of the fundamental equations, which a nondegenerate 
hypersurface has to satisfy, see also |NS94j or |LSZ93j . These equations 
relate S and K with amongst others the curvature tensor R of the induced 
connection V and the curvature tensor R of the Levi Civita connection V of 
the affine metric h. There are the Gauss equation for V, which states that: 

R{X, Y)Z = h{Y, Z)SX - h{X, Z)SY, 

and the Codazzi equation 

{VxS)Y = {VyS)X. 

Also we have the total symmetry of the affine cubic form 

C{X,Y,Z) = {Vxh){Y,Z) = -2h{K{X,Y),Z). (6) 

The fundamental existence and uniqueness theorem, see |Dil89j or |DNV9nj . 
states that given h, V and S such that the difference tensor is symmetric 
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and traceless with respect to h, on a simply connected manifold M an affine 
immersion of M exists if and only if the above Gauss equation and Codazzi 
equation are satisfied. 

From the Gauss equation and Codazzi equation above the Codazzi equa- 
tion for K and the Gauss equation for V follow: 

{VxK){Y, Z) - {VyKKX, Z) =\{h{Y, Z)SX - h{X, Z)SY 

- h{SY, Z)X + h{SX, Z)Y), 

and 

R{X, Y)Z =\{h{Y, Z)SX - h{X, Z)SY 

+ h{SY, Z)X - h{SX, Z)Y) - [Kx,Ky]Z 

If we define the Ricci tensor of the Levi-Civita connection V by: 

mc{X,Y) =tTace{Z ^ R{Z,X)Y}. (7) 
and the Pick invariant by: 

J=—^—-hiK,K), (8) 
n[n — I) 

then from the Gauss equation we immediately get for the scalar curvature 

n{n—l) ^^t,j 'J ' 

k = H + J. (9) 
For an affine hypersphere the Gauss and Codazzi equations have the form: 

R{X,Y)Z = H{h{Y,Z)X - h{X,Z)Y), (10) 

{VxH)Y = {VyH)X, i. e. H = const., (11) 

{VxK){Y, Z) = {VyK){X, Z), (12) 

R{X, Y)Z = H{h{Y, Z)X - h{X, Z)Y) - [Kx,Ky]Z. (13) 

Since H is constant, we can rescale such that H G {—1,0, 1}. 

3 Normalforms in SO (1,2) 

We denote^ by the Pseudo-Euclidean vector space in which a non-degenerate 
indefinite bilinear form of index two is given. The bilinear form is called the 
inner product and denoted by ( , ). A basis {t,v,w} is called orthonormal 
(ONB) if 

(t,t)=-l, (v,v) =l = (w,w), 
0= (t,v) = (t,w) = (v,w). 



^for the notation cp. |Gre67| 
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For a chosen ONB the inner product of two vectors is given by 

(x, y) = -xtvt + Xyy^ + Xyjyyj, x, y G Mf . (15) 

A basis {e,v, f} is called a light- vector basis (LVB) if 

(e,e)=0=(f,f),(e,f) = l, 
(e,v)=0 = (f,v),(v,v) = l. 

For a chosen LVB the inner product of two vectors is given by 

(x, y) = XeVf + Xfye + XvVv, X, y G Mf . (17) 

We want to consider the special Pseudo-Euclidean rotations S0(l,2), i. c. 
the linear transformations L of which preserve the inner product and 
have determinant equal to one: 

(Lx,Ly) = (x,y), x,yGM?, detL=l. 

Depending on the eigenvalues and eigenspaces we get the following normal- 
forms of the elements of 50(1,2). 

Theorem 1. There exists a choice of an oriented basis o/M^ such that every 
L G S0(1, 2) is of one (and only one) of the following types: 

1. (a) At •— (o rast -s°int V t G [0,27r), t^0,1T, 

\ sin t cos t / 
for an ONB {t,v,w}, t timelike, v, w spacelike, 

eigenvalues: Ai = 1, eigenspaces E{1) = spanjt} timelike. 

(b) At, := {l^^i 0^, for an ONB {t,v,w}, as above, 
eigenvalues: Ai = 1, A2,3 = —1, 

eigenspaces E{1) = span{t} timelike, E{—1) = span{v,w}, space- 
like. 

2. (a) Aq := Id, for an ONB {t,v,w} as above or a LVB {e,v, f}, 

eigenvalues: Ai^2,3 = 1? eigenspaces E(l) = Rf . 

(b) B := ( § ^ ^j^)' Z^'' ^'^ ONB {t,v,w}, as above, or a LVB 
{e,v,f}, 

eigenvalues: Ai^s = —1, A2 = 1, 

eigenspaces E{—1) = span{t,w} = span{e, f} timelike, E{1) = 
spanjv}, spacelike. 

3. (a) Ci:= l^lY^^,l^±l,foraLVB{e,^^,i}, 

eigenvalues: \\ = l, A2 = 1, A3 = j, 

eigenspaces EiJ) = spanje} lightlike, E(l) = spanjv}, spacelike, 
£^(j) = span{f} lightlike. 
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(b) Ci := 1 1 ],foraLVB{e,v,{}, 
Vo 1 / 

eigenvalues: Ai^2,3 = 1; eigenspaces E{1) = spanje} lightlike. 
For the proof we will use the following 

Lemma 1. Let L G S0(l,2) with L(e) = le, I ^ 0, for a LVB {e,v,f}. 
Since under L a LVB will he mapped to a LVB, the corresponding matrix 
must have the following form : 

/I -Im -l^^ 
Ci,m = 1 m 
Vo i 

Proof. We win use the Notation: e' = L(e), v' = L(v), f = L{f), and 
compute (fTT)|). using (fT7|) : 



= (e'v') = Iv't 



l = (v',v'> = «)2^< = e, e' = l, 
l = (e',f'> = //}^/} = y, 
1 = (ietL = Iej e = 1, 

With tig = — /m we obtain Q^m- D 

Proof of Thm.^ Every L G S0(l,2) must have a real eigenvalue since it 
is an automorphism of a three dimensional vector space. A corresponding 
eigenvector will be either timelike, spacelike or lightlike. 

Let's consider first the case that we have (at least) a timelike eigenvector. 
We can choose an ONB {t,v,w}, such that t is the timelike eigenvector 
with eigenvalue e = ±1. Then v,w are spacelike and L restricted to t"*" = 
spanjv, w} is an isometry of M?, i. e. an Euclidean rotation. 

If e = 1, then L restricted to t"*" is in SO (2) (proper Euclidean rotation): 
In general we get no more real eigenvalues (case i.(a)). If the restriction 
is a rotation by an angle of vr, then we get the second eigenvalue —1 of 
multiplicity two. The eigenspace is t-*- (and thus spacelike) (case l.{h)). 
Finally, if the restriction (and thus L) is the identity map Id, every vector 
is an eigenvector and we also can choose a LVB (case ^.(a)). 

If £ = —1, then L restricted to t-*- is an improper Euclidean rotation 
of M^, thus it has eigenvalues 1 and —1. We get the eigenvalue 1 with 
eigenspace spanjv} (spacelike) and the eigenvalue —1 of multiplicity two 
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with eigenspace span{t,w} (timehke). Since L restricted to span{t,w} is 
equal to —Id, we also can choose a basis of two lightlike eigenvectors (case 
2.(h)). 

Next we will consider the case that we have (at least) a lightlike eigenvec- 
tor. We can choose a LVB {e, v,f}, such that e is this lightlike eigenvector 
with eigenvalue / G M, Z 7^ 0. Since under L a LVB will be mapped to a 
LVB, the corresponding matrix must have the following form (cp. Lem. ^): 

// -im -l^' 
Ci,m = 1 m 
\0 i 

C/^m lias the eigenvalues Ai = /, A2 = 1 and A3 = j. If Z 7^ ±1, we get 
three distinct real eigenvalues and the corresponding (1-dim.) eigenspaces 
are either lightlike (Eig(Z) and Eig(j)) or spacelike (Eig(l)) (case 5.(a)). 
(Since we take an eigenvector basis, the LVB is up to the length of the 
lightlike eigenvectors uniquely determined.) If / = —1, Ai = A3 = — 1, 
thus we have an eigenvalue of multiplicity two with eigenspace spanje, f} 
(case ^.(b)). The case Z = 1 is left, i. e. only one eigenvalue of multiplicity 
three: For m = we obtain the identity map (case 2. (a)). For m ^ 0, the 
eigenspace Eig(l) = spanje} only is one-dimensional. To get a normalform 
of L we compute how Ci^m changes if we choose another LVB {e',v',f'} 
(with the same orientation) where e' is an eigenvector of L (e' = ae). If 
we express {e', v',f'} in terms of {e,v, f} and compute (fT^ . we obtain (cp. 
Lem.IlI): 

e' = ae, 

v' = v'^e + V, 

2a a a 

The matrix representing L with respect to the new LVB, C[ ^, has the form 

(1 m m? 1 \ 

1 ^ • Thus C[^ = Ci^m, and we can choose a LVB 
001/ 

such that ^ = 1 (case ^.(b)). From the above computations we see that 
this LVB still isn't completly determined, we can choose v'^ arbitrary. 

Finally the case is left that we have (at least) a spacelike eigenvector v. 
The corresponding eigenvalue must be e = ±1 and L restricted to v"*" is an 
isometry of , i. e. a Pseudo-Euclidean rotation (boost). Thus it always 
has two real eigenvalues with one-dimensional eigenspaces. We can choose 
an eigenvector basis, which will be either an ONB or a LVB, and we get one 
of the following cases: l.(b), 2.{a), 2.{h) or 5.(a) (cp. |(;refi7j . p. 273). 

□ 
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Remark. The choice of basis for the above normalforms is unique up to: 



1. (a) the ONB is unique up to t — > et,v,w up to a proper (e = 1) or 

improper (e = —1) EucHdean rotation in M?. 

(h) the ONB is unique up to t — > et,v,w up to a proper (e = 1) or 
improper (e = —1) EucHdean rotation in R^. 

2. (a) every ONB or LVB. 

(h) the ONB is unique up to v — > ev,t,w up to a proper (e = 1) or 



a G 



improper (e = —1) Pseudo-Euchdean rotation in M^, 




f 

V — 




V — V 


the LVB is unique up to < 


e — > 


" i 

ae, or < 


e of, 




f ^ 




f ^ le, 



3. (a) the LVB is unique up to 
C\ goes to Ci. 



e 
f 



ae, 
if, 



a G M. Under < 



( 

V ^ 


— V 


< e 


af , 


f ^ 

v 


-e, 



(h) the LVB is unique up to < 



e, 

6e + V, 



b e 



ae, 

6e + V, 

_|ie-Av + if, 

2a a a ' 



2 e — 6v + f , 

, Ci goes to Cj^ 1 . 



Under 



4 Non-trivial 50(1, 2)-stabilizers 

Since we are interested in pointwise group symmetry, we study the nontrivial 
stabihzer of a traceless cubic form K under the S0(1, 2)-action p{L){K) = 
K o L resp. 

p{LmK{., .), .)) = h{K{L.,L.),L.)) 

(cp. [BryOl for the classification under the SO(3)-action). We will use the 
following notation for the coefficients of the difference tensor K with respect 
to an ONB {t,v,w}: 



-ai -a2 -as 
Kt = I a2 a4 as I , Kv 

03 as ai - aA/ 

-as -as -(01-04)^ 
-f^w = I as ar 02 - ae 

ai — a4 a2 — ag as — ay 




(18) 
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resp. with respect to a LVB {e, v, f}: 



jhi 64 65\ / ^'4 -265 h \ (h h b7\ 

i^e = U2 -2bi bA ,K^= I -2bi -264 -265 ,i^f = U4 -265 be 
\b3 b2 bj V b2 -26i 64 / V^i h bj 

(19) 

We will prove the following theorem, stating not only the non-trivial stabi- 
lizers, but also give a normal form of K for each stabilizer. 

Theorem 2. Let p E M and assume that there exists a non-trivial element 
0/50(1,2) which preserves K. Then there exists an ONB resp. a LVB of 
TpM such that either 

1. K = 0, and this form is preserved by every isometry, or 

2. ai = 204,04 > 0, and all other coefficients vanish, this form is pre- 
served by the subgroup {At, t G M}, isomorphic to SO (2), or 

3. 06 > 0, and all other coefficients vanish, this form is preserved by the 

subgroup with generators < A2n,B >, isomorphic to S3, or 

3 

4- ai = 2o4, 04 > 0, oe > 0, and all other coefficients vanish, this form is 

preserved by the subgroup with generator < A2n >, isomorphic to Z3, 

3 

or 

5. 02,0.5 e 06 > 0, where {02, oq) / 0, and all other coefficients 
vanish, this form is preserved by the subgroup with generator < B >, 
isomorphic to Z2, or 

6. 05 > 0, and all other coefficients vanish, this form is preserved by the 
subgroup with generators < A^^^B >, isomorphic to Z2 x Z2, or 

7. oi > or 04 > 0, oi 7^ 204, and all other coefficients vanish, this form 
is preserved by the subgroup with generator < A^^ >, isomorphic to Z2, 
or 

8. 64 > 0, and all other coefficients vanish, this form is preserved by the 
subgroup {C;, ^ G M \ {0}}, isomorphic to 5*0(1, 1), or 

9. 67 > 0, and all other coefficients vanish, this form is preserved by the 

(1 —m — "^'^ \ 
1 m I ^^}, isomorphic to M. 
00 1 / 

To get ready for the proof, first we will find out what it means for K to 
be invariant under one element of S0(1, 2). Some of the computations were 
done with the CAS Mathematical . 

^http://www.math. tu-berlin.de/~schar/IndefBym_Stabilizers. html 
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Lemma 2. Let p E M and assume, that K is invariant under the trans- 
formation At G S0(l,2), t G (0, 27r). Then we get for the coefficients of K 
with respect to the corresponding ONB ofTpM: 



2. if t = or t = then ai = 2a4, 04,06,07 G M, and all other 
coefficients vanish, 

3. if t = TT, then 01,04,05 G M, and all other coefficients vanish. 

Proof. The proof is a straight forward computation, evaluating the equa- 
tions h{K{X,Y),Z) = h{K{AtX,AtY),AtZ) for X,Y,Z € {t,v,w}. The 
computations were done with the CAS Mathematica. For all t G (0, 2it) we 
obtain from eq2 {X, Y = t, Z = v) and eq3 {X, Y = t, Z = w) that 02 = 
and 03 = 0. lit = tt, then eq7 {X, Y, Z = v) and eq8 {X,Y = ^r, Z = w) 
give 06 = and 07 = 0. If t ^ it, then eq4 {X = t, Y, Z = v) and cq5 
(X = t, Y = V, Z = w) lead to 05 = and oi = 204. Now, for t = ^ or 
t = all equations are true. Otherwise, only uq = and 07 = solve eq7 
and eq8. □ 

Lemma 3. Let p £ M and assume, that K is invariant under the transfor- 
mation B G S0(l,2). Then we get for the coefficients of K with respect to 
the corresponding ONB of TpM that 02 , 05 , oe G M, and all other coefficients 
vanish. 

Proof. The computations were done with the CAS Mathematica, too. We 
obtain from eql {X,Y,Z = t), eq3 {X,Y = t, Z = w), eq4 {X = t, 
Y,Z = \-) and eq8 {X, Y = v, Z = -w) that oi = 0, 03 = 0, 04 = and 
07 = 0. □ 

Lemma 4. Let p £ M and assume, that K is invariant under the transfor- 
mation Ci G S0(1, 2), / G M \ {0, 1}. Then we get for the coefficients of K 
with respect to the corresponding LVB of TpM: 

1. if I ^ —1, then 64 G M, and all other coefficients vanish, 

2. if I = —1, then b2,b4^,be G M, and all other coefficients vanish. 



Proof. The computations were done with the CAS Mathematica, too. Wc 
obtain from eql (X, Y,Z = e), eq3 {X,Y = e, Z = i), eq6 {X = e,Y,Z = f) 
and eqlO (X, Y,Z = i) that 61 = 0, 63 = 0, 65 = and 67 = 0. If Z / -1, 
then eq2 {X,Y = e, Z = and eq9 {X = v,Y,Z = f) additionally give 




^,7r, then oi = 204, 04 G M, and all other coefficients 



that 62 = and Iq = 0. 



□ 
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Lemma 5. Let p £ M and assume, that K is invariant under the transfor- 
mation Ci^rri G S0(l,2), m G M \ {0}. Then we get for the coefficients of 
K with respect to the corresponding LVB of TpM that bj € M, and all other 
coefficients vanish. 

Proof. The computations were done with the CAS Mathematica, too. We 
obtain successively from eq2 {X,Y = e, Z = v), eq3 {X,Y = e, Z = f), 
eq5 {X = e,Y = v, Z = f), eq6 {X = e, Y, Z = f), eq9 {X = v,Y,Z = f) 
and eqlO {X, Y, Z = i) that ^3 = 0, ^2 = 0, h = 0, 64 = 0, ^5 = and 
66 = 0. □ 

In the following U denotes an arbitrary subgroup of S0(1, 2), which leaves K 
invariant. We want to find out to which extend K determines the properties 
of the elements of U. 

Lemma 6. // there exists t S (0, 27r), t ^ tt, with At £ U , and K ^ 0, then 
we get for the timelike eigenvector t of At: 

1. fort^^ andt^ ^: Mt = t for all M £U, 

2. fort = \ ort = ^: Mt = et for all M eU, 
Proof. Let M £ U. From Lem. |21we know that 



h{K{Mt,Mt),MY) = h{K{t,t),Y) 



-2a4, Y = t, 

0, y = V or y = w. 



Thus K{Mt,Mt) = -2aiMt, furthermore h{Mt,Mt) = /i(t,t) = -1. 
Now assume that X = xt + yv + zw € TpM has the same properties 
{K{X,X) = -2a^X and h{X,X) = -1). This is equivalent to (cp. Lem.EJ: 

(-2x^ - - z'^)a4 = -2a4X, (20) 

2xya4 + {y^ — z^)a() + 2yzaj = —2a4y, (21) 

2xzai — 2yzaQ + {y^ — z'^)a7 = —2a4Z, (22) 

-x'^ + y'^ + z^ =-l. (23) 

If 04 / 0, then (dU and ^ imply that Sx^ - 2a; - 1 = and > 1, this 
means x = 1 and y = z = 0. Thus X = t and Mt = t. 
If 04 = 0, then (EU) and ^ imply that 

(y^ - 2:^)06 + 2yza7 = 0, 
-2yzaQ + (y^ - 2:^)07 = 0. 

The two equations, linear in og and ay, only have a non-trivial solution if 
y = z = {). With (dni) we obtain that X = et and thus Mt = et. □ 
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Lemma 7. // there exists / G R, / 7^ 0, ±1, with Ci £ U , and K ^ 0, then 
we get for the spacelike eigenvector v of Ci: Mv = v for all M £ U . 

Proof. Let M £U. From Lem. 0]we know that 
h{K{Mv,Mw),MY) = h{K{v,v),Y) = 




Thus K{Mv,Mv) = -204MV, furthermore h{Mv,Mv) = /i(v,v) = 1. 
Now assume that X = xt + yv + zw G TpM has the same properties 
{K{X,X) = -2aiX and h{X,X) = 1). This is equivalent to (cp. Lem.^: 

2xyb4 = -2b4X, (24) 

2{-y^ + xz)b4 =-2b4y, (25) 

2yzb4 = -2hiZ, (26) 

2xz + y2 =1. (27) 

Since ^4 7^ 0, is equivalent toj; = Oory = — 1, and (|26() is equivalent to 
z = Q or y = —1. Now y = — 1 in ()25() gives xy = 2, which is a contradiction 
to ((2Z1)- Thus X = and z = 0. With (jSHJ we obtain that X = v and thus 
Mv = v. □ 

Lemma 8. // there exists m G M, m ^ 0, with Ci^m G U, and K ^ 0, then 
we get for the lightlike eigenvector e of Ci^ra- Me = e for all M G U. 

Proof. Let M £ U. From Lem. ISlwe know that 

K{X, X) = brz'^e for all X = xt + y\r + zw £ TpM, 

i. e. e is determined by K up to length: e = ^(^^(f f) f) -^(f; f)- From the 
invariance of K under M it follows that Me = ^(^^(f f) f) -^(Mf , Mf ) = 
(/i(Mf,e))2e. Since 1 = h{Mi,Me), we get now: 1 = h{M{,h{Mi,e)'^e) = 
h{Mi, ef, thus /i(Mf , e) = 1. □ 

Now we are ready for the proof of Thm. El 

Proof of Theorem\^ For the proof we will consider several cases which are 
supposed to be exclusive. Let U he a maximal subgroup of S0(l,2) which 
leaves K invariant. 

1. Case We assume that there exists t £ (0, 27r), t 7^ ^,tt,^, with 
At £ U. Thus there exists an ONB {t,v,w} such that K has the form 
(Lem. 1^: ai = 204, 04 G M and all other coefficients vanish. If 04 = 0, 
then K = and U = S0(1, 2). If 04 7^ 0, then we know that Mt = t for 
all M G ?7 (Lem. We have seen in Sec. |31that M £ U must be of type 
l{a), l{b) or 2{a). Now let G S0(l,2) be of type l{a), l{b) or 2{a) 
with eigenvector t. We can normalize simultaneously (i. e. find an ONB 
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such that both At and have normalform) and we see that N leaves K 
invariant (Lem. I^J. Thus U = {At,t G M}. Finally, if 04 < 0, we can change 
the ONB {t,v,w} and take insteadj— t, w, v}. 

2. Case We assume that A^jr^ € U 01 A±n_ £ U. Thus there exists an 

3 3 

ONB {t, V, w} such that K has the form (Lem. I^J: ai = 204, 04, qq, 07 G M 
and all other coefficients vanish. Without loss of generality ag and aj will not 
vanish both. Furthermore we know that Alt = et for all M £ U (Lem. 
We have seen in Sec. Elthat M G i/must be of type l{a), l{b), 2{a) or 2{b). 
Now let N £ S0(l,2) be of type l{a), l{b), 2{a) or 2{b) with eigenvector 
t. We can normalize simultaneously. 

If iV = y42i, iV = Ai^ 01 N = Id (type 1 (a) or 2{a)), then it leaves K 

invariant (Lem. I^J. If = At^ (type 1(b)), then by Lem. I^lae = = 07, 

which gives a contradiction, li N = B (type 2(b)), then by Lem. |21a4 = 

= 07 and ttQ is the only non-vanishing coefficient of K. 

We get two possibilities for K and the corresponding maximal subgroup 

U. Either qq G M \ {0} and all other coefficients of K vanish, and U =< 

A2ti,B >, if necessary by a change of basis ({— t,— v,w}) we can make 
3 

sure that og > 0. Or ai = 2a4, 04,06,07 G M and all other coefficients 

vanish, and U =< A-in >. As before we can choose t such that 04 > 0. A 

3 

computation gives that under a change of ONB {t*, v*,vif*} = {t,cossv + 
sin sw, — sin sv + cossw} we obtain for K (cp. (fTH|) l: Og = a6COs(3s) + 
a7sin(3s), = 07 cos(3s) — og sin(3s), i. e. there exists s G M such that = 
0. We can change the sign of og by switching from {t, v, w} to {t, — v, — w}. 
Finally we see that 04 7^ 0. 

3. Case We assume that there exists / 7^ 0, ±1, with Ci G U. There 
exists a LVB {e, v, f} such that K has the form (Lem. ^4 G M and all 
other coefficients vanish. If 64 = 0, then K = and U = S0(1, 2). 

If 64 ^ 0, then we know that Mv = v for all M eU (Lem. We have 
seen in Thm. [Hthat M £ U must be of type 2(a), 2(b) or 3(a). Now let 
A^ G S0(l,2) be of type 2(a), 2(b) or 3(a) with eigenvector v. We can 
normalize simultaneously and we see that A'^ leaves K invariant (Lem. 0J 
B = C-i). Thus U = {Ci,l £R \ {0}}. Finally, if 64 < 0, we can change 
the LVB {e,v,f} to {f,-v,e} (cp. Rem.Ej). 

4. Case We assume that Ci G U. There exists a LVB {e,v,f} such 
that K has the form (Lem. 67 G M and all other coefficients vanish. If 
67 = 0, then K = OandU = S0(1, 2). 

If 67 / 0, then we know that Me = e for ah M G f7 (Lem. IH}. We have 
seen in Thm.^that M €U must be of type 3(b). Now let A^ G S0(1, 2) be 
of type 5(6) with eigenvector e, i. e. A^ has the form Ci^m, m gM. We see 
that A^ leaves K invariant (Lem. ISJ. Thus U = (Ci) (Ci^mCi.n = C'i,m+n)- 
Finally, if 67 < 0, we can change the LVB {e,v,f} to {— e, v, — f} (cp. 
Rem.l^. 

5. Case We assume that A.,^ G U. There exists an ONB {t, v, w} such 



14 



that K has the form (Lem.|2)): ai, 04, 05 G R and all other coefficients vanish. 
Every M £ U must be of type l{b) or 2{b), otherwise we are in one of the 
foregoing cases. 

a) Let N £ S0(1, 2) be of type l{b). There exists a spacelike eigenvector 
w such that A^w = — w and A^w = — w, and we can choose an ONB 

/ cosh s — sinh s \ 

{t,v,w} such that A.,^ has normalform and N = sinhs -coshs o . If we 

\ -ly 

assume that K is invariant under then we obtain for s ^ that K = 0. 
The computations were done with the CAS Mathematica, too. We obtain 
from eq3 {X, Y = t, Z = w) and eq9 {X = v, Y,Z = w) that 05 = and 
oi = 04, and from eql {X, Y,Z = t) that 04 = 0. 

b) Let N S S0(1, 2) be of type 2{b). There exists a spacelike eigenvector 
w such that A^w = — w and A^w = — w, and we can choose an ONB 

/ ~ cosh s ~ sinh s \ 

H, v,vif[ such that has normalform and N = sinhs coshs o . If we 

V -1/ 

assume that K is invariant under N then we obtain that ai = = 04. If 
s 7^ 0, also 05 = 0, i. e. K = 0. The computations were done with the CAS 
Mathematica, too. If s 7^ 0, we get from eq3 {X,Y = t, Z = w) and eq9 
(X = V, Y, Z = w) that 05 = and oi = 04, and from eql {X, Y, Z = t) 
that 04 = 0. If s = 0, we get from eql {X,Y,Z = t) and eq4 {X = t, 
y, Z = v) that ai = = 04. 

Summarized we got two different forms of K with corresponding maximal 
subgroups U : a) Either there exists an ONB such that 01,04,05 G M, where 
oi 7^ 204 or 05 7^ 0, and all other coefficients vanish, this form is preserved 
hy U =< >. Since Kt is a symmetric operator on the positive definite 
space t"*", we can diagonalize, then 05 = 0. If necessary, we still can take 
{— t,— v,w} to get oi > or 04 > 0. b) In the other case there exists an 
ONB such that 05 G M, 05 7^ 0, and all other coefficients vanish, this form is 
preserved by U =< Aj^^B >. If 05 < 0, we switch to the ONB {— t,w,v}. 

6. Case We assume that B £ U. There exists an ONB {t,v,w} such 
that K has the form (Lem. 02,05,05 £ ^ and all other coefficients 
vanish. Every M £ U must be of type 2{b), otherwise we are in one of the 
foregoing cases. Now let N £ S0(l,2) be of type 2{b). We can't normalize 
simultaneously. We only know that B and N both have two-dimensional 
timelike eigenspaces, which intersect in a line. This line g can be space-, 
time- or lightlike. 

a) If g is spacelike, we can choose an ONB {t,v,w} such that B has 

( — cosh s — sinh s \ 
sinhs coshs (cp. cascS). If we assume that ii' 
-1/ 

is invariant under N then we obtain for s 7^ that K = 0. The computations 
were done with the CAS Mathematica, too. If s 7^ 0, we get from eq3 
(X, Y = t, Z = w) and eq9 {X = v, Y, Z = w) that 05 = and 02 = og, 
and from eql {X, Y, Z = t) that oe = 0. 

b) If g is timelike, we can choose an ONB {t,v,w} such that B has 
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normalform and = ( o cos s sin s I . If we assume that K is invariant 

V sin s — cos s J 

under N then we obtain for s 7^ 0, ^, vr, that K = For s = f^, vr, 
we are in one of the foregoing cases. The computations were done with the 
CAS Mathematica, too. If s 7^ 0, vr, we get from eq2 {X, Y = t, Z = v) and 
eq4 {X = t, y, Z = v) that 02 = and 05 = 0. If also s 7^ then we 

get from eqlO {X, Y, Z = w) that qq = 0. 

c) If g is lighthke, we can choose a LVB {e,v,f} such that B has nor- 

(—1 —2m 2m^ \ 
1 -2m (use Lem. P). If we assume that K is 
-1 y 

invariant under N then we obtain for m 7^ that K = 0. The computations 
were done with the CAS Mathematica, too. If m 7^ 0, we get from eq5 
(X = t, y = V, Z = w) and eq2 {X,Y = t, Z = v) that bg = and 64 = 0, 
and from eql {X,Y,Z = t) that 62 = 0. 

Therefore we have that U = {B). If ag < 0, we can switch to {— t, — v, w}. 
Since K-^ is a symmetric operator on an indefinite space we can't always di- 
agonalize. Thus we can't simplify K in general. □ 

Remark. In the proof we only have used multilinear algebra. Thus the 
theorem stays true for an arbitrary (1, 2)— tensor K on M"^ with {K(X, Y), Z) 
totally symmetric and vanishing trace Kx ■ 



5 Pointwise Z2 x Z2-symmetry 

Let be a hypersphere admitting a pointwise Z2 x Z2-symmetry. Accord- 
ing to Thm. 121 there exists for every p S an ONB {t, v,w} of TpM^ 
such that 

K{t,t) = 0, /s:(t,v) = asw, K{t,w)=a5V, (28) 

i^(v,v)=0, K{v,w) = -ar,t, K(w,w) = 0. (29) 

Substituting this in Eq. ((T^ . we obtain 

R{X, Y)Z = {H- al){h{Y, Z)X - h{X, Z)Y). (30) 

Schur's Lemma implies that has constant sectional curvature, by the 
affine theorema egregium Q we obtain that k = H — and J = —a^ < 0. 
Affine hyperspheres with constant affine sectional curvature and nonzero 
Pick invariant were classified by Magid and Ryan MR92 . They show in 
their main theorem that an affine hypersphere with Lorentz metric of con- 
stant curvature and nonzero Pick invariant is equivalent to an open subset 
of either {xl + x^ix^ + xl) = 1 or {xf + x^ix^ — xl) = 1. In both cases 
k = 0, i. e. H = —J. In the proof of the main theorem they explicitly show 
that only (xf +X2){x'^ +2^4) = 1 has negative Pick invariant and that K has 
normalform. This proves: 
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Theorem 3. An affine hypersphere admits a pointwise TLi x TL2-sy'mmetry 
if and only if it is affine equivalent to an open subset of 

{xj + xDixl + xD = 1. 

For (xf + X2)(x| — x1) = 1 they compute that the only non- vanishing 
coefficient of K is a2- Thus it follows (Thm.[21): 

Remark. The affine hypersphere (xf + ^^(xl — x1) = 1 admits a pointwise 
Z2-symmetry. 

6 Pointwise M-symmetry 

Let be a hypersphere admitting a pointwise M-symmetry. According to 
Thm. [21 there exists for every p G a LVB {e, v, f} of TpM^ such that 

K{e, e) = 0, K{e, v) = 0, K{e, f ) = 0, (31) 

K(v, v) = 0, K(v, f ) = 0, K{i, f ) = bre. (32) 

Substituting this in Eq. (|13)) . we obtain 

R{X,Y)Z = H{h{Y,Z)X - h{X,Z)Y). (33) 

Schur's Lemma implies that has constant sectional curvature, by the 
affine theorema egregium @ we obtain that k = H and J = 0. Affine 
hyperspheres with constant affine sectional curvature and zero Pick invariant 
were classified in |DMVnnj (see Thm. 6.2 (i? = 0), Thm. 7.2 {H = 1) and 
Thm. 8.2 [H = —1)). They are determined by a null curve in resp. Mf, S^, 
Hf, and a function along this curve (note that in the notion of |DMVOO] (2) 
holds) . 

Theorem 4. Let M"^ be an affine hypersphere admitting a pointwise M- 
symmetry. Then has constant sectional curvature k = H and zero Pick 
invariant J = 0. 

Remark. A study of |DMVOO] shows that an affine hypersphere admits a 
pointwise M-symmetry if and only if (2) holds (in their notations). 

If (3) holds for an affine hypersphere with constant sectional curva- 
ture and zero Pick invariant, then it admits a pointwise Z2-symmetry (cp. 
Thm. 12). 

7 Pointwise SO (2)-, 6*3- or Za-symmetry 

Let be a hypersphere admitting a S0(2)-, ^3- or Za-symmetry. Accord- 
ing to Thm. 12 there exists for every p £ an ONB {t, v,w} of TpM^ 
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such that 

K{t,t) = — 2a4t, K{t,v) = a^v, i^(t, w) = a^w, 

K{v, v) = —04! + oev, K{v, w) = — oew, K{w, w) = —a^t — ogv, 

where 04 > and oe = in case of 5'0(2)-symmetry, 04 = and ag > for 
53, and 04 > and og > for Z3. 

We would like to extend the ONB locally. It is well known that Ric (cp. 
((TJ) is a symmetric operator and we compute (some of the computations in 
this section are done with the CAS Mathematical): 

Lemma 9. Let p £ M and {t, v,w} the basis constructed earlier. Then 

mc{t, t) = -2{H -5al), Rk;(t,v) = 0, 

Rk;(t,w) = 0, Ric(v,v) =2(i?-a^ + a^), 

Rk;(v,w) = 0, mc{w, w) = 2{H - aj + al). 

Proof. The proof is a straight-forward computation using the Gauss equa- 
tion (|13() . It follows e. g. that 

R{t, v)t = Hv- Kt{a4v) + Kv(-2a4t) = Hv - a|v - 2al^r 
= {H- 3al)^r, 

R{t, w)t = Hw — Kt{a4w) + K^{—2a4t) = Hw — a^w — 2a1w 

= {H- 3al)w, 
R(t, v)w = —Kt{—aQ-w) + A'v(«4w) = 0. 

From this it immediately follows that 

Ric(t,t) = -2{H - 3a|) 

and 

Ric(t,w) = 0. 

The other equations follow by similar computations. □ 

We want to show that the basis, we have constructed at each point p, 
can be extended differentiably to a neighborhood of the point p such that, 
at every point, K with respect to the frame {T, V, W} has the previously 
described form. 

Lemma 10. Let be an affine hypersphere in which admits a pointwise 
S0(2)-, S3- or symmetry. Let p € M. Then there exists an orthonormal 

^http://www. math. tu-berlin.de/~schar/IndefSym_typ234. html 
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frame {T, V, W} defined in a neighborhood of the point p such that K is 
given by: 



K{T, T) = -la^T, K{T, V) = a^V, K{T, W) = a^W, 

KiV, V) = -a^T + aeV, K{V, W) = -qqW, K{W, W) = -a^T - a&V, 

where 04 > and = in case of SO (2) -symmetry, 04 = and oq > in 
case of S'i- symmetry, and 04 > and > in case of Z^-symmetry. 

Proof. First we want to show that at every point the vector t is uniquely 
defined (up to sign) and diff'erentiable. We introduce a symmetric operator 
iby: 

Ric(y,Z) = h{AY,Z). 

Clearly A is a difFerentiable operator on M. Since 2{H — 3a|) 7^ 2{H — 
a\ + Og), the operator has two distinct eigenvalues. A standard result then 
implies that the eigendistributions are differ entiable. We take T a local 
unit vectorfield spanning the 1-dimensional eigendistribution, and local or- 
thonormal vectorfields V and W spanning the second eigendistribution. If 
oe = 0, we can take V = V and W = W. 

As T is (up to sign) uniquely determined, for ag 7^ there exist differ- 
entiable functions 04, cg and cy, Cg + / 0, such that 

K{T, T) = -2aiT, K{V, V) = -a^T + cqV + c^W, 

K{T,V) = aiV, K{V,W) = C7V -cqW, 

K{T,W) = aiW, K{W,W) = -a^T -cqV -crW. 

As we have shown in the proof of Thm. [21(Case 2), we can always rotate V 
and W such that we obtain the desired frame. □ 

Remark. It actually follows from the proof of the previous lemma that the 
vector field T is (up to sign) invariantly defined on M, and therefore the 
function 04, too. Since the Pick invariant (jH)) J = ^(— 5a4+2ag), the function 
og also is invariantly defined on the affine hypersphere M^. 

In this section we always will work with the local frame constructed in 
the previous lemma. We denote the coefficients of the Levi-Civita connection 
with respect to this frame by: 

VtT = auV + aisW, VtV = auT - b^W, VtW = aisT + buV, 
VvT = a22V + a23W, V yV = a22T - b23W, WTV = azsT + 
VwT = a32V + a33W, V wV = a32T - b33W, V^^I^ = aggT + 633 



We will evaluate first the Codazzi and then the Gauss equations f (|12j) and 
(|13|) 1 to obtain more informations. 
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Lemma 11. Let be an afftne hypersphere inW^ which admits a pointwise 
S0(2)-, S3- or -symmetry and {T,V,W} the corresponding ONB. If the 
symmetry group is 

SO(2), then = au = ais = 023 = «32; 033 = ^22 and 
T{ai) = -4022 04, = V{ai) = W{ai), 

S3, then = ai2 = 013, ^23 = -3&i3 = -032, 033 = 022 and 
T{aQ) = -02206, ^(oe) = 863306, W{aQ) = -362305, 

Z3 and a| / 4a|, then = 012 = 013 = 023 = 032, 033 = 022, 613 = 0, 
r(o4) = — 4022O4, = 1^(04) = 1^(04), and 
Tiae) = -022O6, "l^(o6) = 3633O6, W{aQ) = -362306, 

Z3 and ae = 2a4, then 012 = 2022 = -2033 = -633, 
ai3 = -2023 = -2o32 = 623, 613 = 0, and 
r(a4) = 0, 1/(04) = -402204, W{a4) = 4023O4, 

Proof. An evaluation of the Codazzi equations p2j) with the help of the 
CAS Mathematica leads to the following equations (they relate to eql-eq6 
and eq8~eq9 in the Mathematica notebook): 

1/(04) = -2O12O4, r(04) = -402204 + O12O6, = 4O23O4 + O13O6, (34) 

1^(04) = -201304, = 403204 + 013O6, T(o4) = -403304 - 012O6, (35) 

T(o6) - 1/(04) = 301204 - 022O6, = 01304 + (023 + 3613)06, (36) 

VF(o4) = (023 + 032)06, W{a6) = (-023 + 3032)04 - 623O6, ^^^^ 

V{ae) = (-022 + 033)04 + 3633O6, 

T(o6) = -01204 - 033O6, 1^(04) = -301304 + (-032 + 3613)06, (38) 

1/(04) = (-022 + 033)06, VF(o6) = (3o23 - 032)04 - 3623O6, (39) 

= (023 - 032)04, (40) 

14/(04) = -01304 + (032 - 3613)06. (41) 

From the first equation of (|35|) (we will use the notation H35|) .l) and 
(IH7|) .l resp. ^.3 and (jSSI)-2 we get: 

= 201304 + (023 + 032)06 (42) 
= 2(023 + 032)04 + 01306. (43) 

From (|nni).l) and (jBU-l resp. ^.2 and §^.3 we get: 

= -201204 + 2(022 - 033)06 (44) 
= 2(-022 + 033)04 + 012O6. (45) 

We consider first the case, that ag 7^ 4a4. Then we obtain from the foregoing 
equations that 013 = 0, 032 = —023, 012 = and 033 = 022. Furthermore it 



20 



follows from ^^.l that 1/(04) = 0, from ^^.2 that r(a4) = -402204 and 
from (PIJ.S that 023O4 = 0. Equation becomes VF(o4) = 0, equation 

p6|l.2 r(o6) = — 022O6 and (|36|) .3 (023 + 8613)06 = 0. Finally equation (|.S7j) .2 
resp. 3 gives W{aQ) = —862306 and V^qq) = 3633O6. 

In case of S'0(2)-symmetry (04 > and og = 0) it follows that 023 = 
and thus the statement of the theorem. 

In case of 53-symmetry (04 = and og > 0) it follows that 023 = —8613 
and thus the statement of the theorem. 

In case of Z3-symmetry (04 > and og > 0) it follows that 023 = and 
613 = and thus the statement of the theorem. 

In case that og = ±204 (/ 0), we can choose V, W such that slq = 2a4. 
Now equations (|40j) . (|8H) .8 and (|86|) .8 lead to 023 = 032, 013 = — 2023 and 
613 = 0. A combination of (|5H).2 and (|551) .3 gives 012 = (022 — 033), and then 
by equations ^.2, ^.1 and ^.2 that 033 = -022- Thus r(o4) = by 
(EH). 2, ^(04) = -402204 by (EHl.l and 14^(04) = 4022O4 by §^.1. Finally 
(|87j) .2 and (|85|) .l resp. (|87|) .3 and pi]) .! imply that 623 = —023 resp. 633 = 

-022- □ 

An evaluation of the Gauss equations H18|) with the help of the CAS 
Mathematica leads to the following : 

Lemma 12. Let be an affine hypersphere inW^ which admits a pointwise 
S0(2)-, S3- or Z3- symmetry and {T,V,W} the corresponding ONB. Then 



r(o22) = -0^2 + al3 + H- 3ai (46) 

r(023) = -2022 023, (47) 

^(022) + 1/(023) = 0, (48) 

Ty(o23) - 1/(022) = 0, (49) 

1^(^13) - ^(^23) = 022623 + (023 + ^13)^33, (50) 

^(633) - 1^(613) = (023 + 613)623 - 022633, (51) 



^(633) - H/(623) = -0^2 - 0^3 + 2023613 + 6^3 + hl^ + H + al + 2al (52) 
// the symmetry group is Z3, then o| 7^ 404. 

Proof. The equations relate to eqll-eql8 and eql6 in the Mathematica note- 
book. If Og = 4:al{^ 0), then we obtain by equations eqll.l and eql2.3 resp. 
eql5.8 and eql2.8 that 21/(022) = -40^2 -H + 3al resp. 21^(023) = 40^3 + 
H — 8o|, thus 1^(022) — 11/(023) = — 2022 — 2023 — H + 8o|. This gives a con- 
tradiction to eql8.8, namely 1/(022) — 11/(023) = — 20^2 -20^3 — -ff — 9o|. □ 

7.1 Pointwise Z3- or S0(2)-symmetry 

As the vector field T is globally defined, we can define the distributions 
Li = span{T} and L2 = span{l/, H/}. In the following we will investigate 
these distributions. For the terminology we refer to |Nol96j . 
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Lemma 13. The distribution Li is autoparallel (totally geodesic) with re- 
spect to V. 

Proof. From VyT = ai2V + ai^W = (cp. Lemma IT^ the claim follows 
immediately. □ 

Lemma 14. The distribution L2 is spherical with mean curvature normal 
U2 = 022^. 

Proof. For U2 = 022^ £ Li = we have h{V E^Eh, T) = h{Ea, Eb)h{U2,T) 
for Ea, Eb e {V, W}, and h{V e^U2,T) = h{E a{a22)T + 022^ e^T, T) = (cp. 
Lemma im and (IIHI) . dlH . □ 

Remark. 022 is independent of the choice of ONB {F, 1^}. It therefore is a 
globally defined function on M. 

We introduce a coordinate function t by ^ := T. Using the previous 
lemma, according to PR93 , we get: 

Lemma 15. {M^,h) admits a warped product structure = I Xg/ N'^ 
with / : / ^ M satisfying 

m = 

Proof. Prop. 3 in |PE,93j gives the warped product structure with warping 
function A2 : / — > M. If we introduce / = lnA2, following the proof we see 
that a22T = U2 = — grad(ln A2) = — grad /. □ 

Lemma 16. The curvature of is ^K{N^) = e^f {H + 2o§ + a| - 0^2) ■ 

Proof. From Prop. 2 in |PR.93j we get the following relation between the 
curvature tensor R of the warped product and the curvature tensor R of 
the usual product of pseudo-Riemannian manifolds {X,Y,Z S X{M) resp. 
their appropriate projections): 

R{X,Y)Z = R{X,Y)Z 

+ h{Y, Z){VxU2 - h{X, U2)U2) - h{VxU2 - h{X, U2)U2, Z)Y 
- h{X, Z){VyU2 - h{Y, U2)U2) + /i(VyC/2 - h{Y, U2)U2, Z)X 
+ KU2, U2){h{Y, Z)X - h{X, Z)Y) 

Now R{X, Y)Z = ^R{X, Y)Z for all X,Y,Z £ TN'^ and otherwise zero (cp. 

[0 ™l,Pg- 89, Corollary 58) and K{N^) = K{V, W) = ^(^.,^^^0%?;^'^^;^/)^ 
(cp. |0'N83j . pg. 77, the curvature tensor has the opposite sign). Since 
h{X,Y) = e'^f^h{X,Y) for X,Y £ TN"^, it follows that 

^K{N^) = e'^^h{-^R{V,W)V,W). 

Finally we obtain by the Gauss equation (|13() the last ingredient for the 
computation: R{V, W)V = —{H + 2a| + afjW (cp. the Mathematica note- 
book). □ 
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Summarized we have obtained the following structure equations (cp. 
© and (jHl)), where = in case of S0(2)-symmetry resp. 613 = in case 
of Zs-symmetry: 

DtT = -2a4T - ^, (54) 

DtV = +04^ - bisW, (55) 

DtW = +bi3V + a^W, (56) 

DvT= +(o22 + a4)F, (57) 
DwT = + (a22 + a4)W, (58) 

DvV= +06^-523^^ +(022 - a4)T + e, (59) 

DyW = +b23V - aeW, (60) 

DwV = - (633 + aQ)W, (61) 

DwW = +{b33 - ae)V +(022 - 04)^ + e, (62) 



Dx^ = -HX, (63) 

The Codazzi and Gauss equations (dJ and ()13|)) have the form (cp. Lem.llll 
andini): 

T(a4) = -402204, = V{a4) = W{a4) (64) 
T(a6) = -02206, ^^(ae) = 363306, W^ae) = -3623^6, (65) 

T(a22) = -al2 + H- 3ai ^(022) = 0, ^^(022) = 0, (66) 

V{bi3) - T(623) = 022623 + 613633, (67) 

T(633) - VF(6i3) = 613623 - 022633, (68) 

^^(633) - W{b23) = -a\2 + 6i3 + 6i3 + + al + 2aX (69) 

where og = in case of S0(2)-symmetry resp. 613 = in case of Z3- 
symmetry. 



Our first goal is to find out how N'^ is immersed in M"^, i. e. to find an 
immersion independent of t. A look at the structure equations H54() - (|63() 
suggests to start with a linear combination of T and ^. 

We will solve the problem in two steps. First we look for a vector field 
X with Dj-X = aX for some funtion a: We define X := AT + ^ for some 
function A on M^. Then DtX = aX iSa = -A and ^A = -A^+2aiA+H, 
and A := 022 — 04 solves the latter differential equation. Next we want to 
multiply X with some function (3 such that Dt{(3X) = 0: We define a 
positive function /? on M as the solution of the differential equation: 

1/3 = (022 - 04)/? (70) 
with initial condition /3(to) > 0. Then Dt{I3X) = and by ^ and 
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([58|l we get (since (3, 022 and only depend on t): 

DT{fi{{a22-a^)T + 0) = ^, (71) 
Dvma22 - a4)T + 0) = /3(a^2 - 4 - H)V, (72) 
I?iy(/3((a22 - a4)r + 0) = /3(a^2 " - ^)H^. (73) 

To obtain an immersion we need that ly := 0^2 — — H vanishes nowhere, 
but we only get: 

Lemma 17. The function v = — a1 — H is globally defined, ^(e^-^i^) = 
and V vanishes identically or nowhere on M. 

Proof. Since = §-^^K{N^) = §-^{e'^i {2al- v)) (Lem.Cni) and §-^{e'^f2al) = 
(cp. and we get that §i{e^^ v) = 0. Thus = -2{^J)u = 

-2a22V- □ 

7.1.1 The first case: / on Af^ 

We may, by translating /, i.e. by replacing N'^ with a homothetic copy of 
itself, assume that e^^ v = £1, where ei = ±1. 

Lemma 18. (P := (3{{a22 — 04)^ + 0- ~^ induces a proper affine 
sphere structure, say 0, mapping N'^ into a 3- dimensional linear subspace 
o/M^. (j) is part of a quadric iff = 0. 

Proof By fZlJ) and ^ we have ^*(K) = pi^Ea for K G {V, VF}. A further 
differentiation, using H59() (/3 and v only depend on f), gives: 

Dv<P4V) = puDvV 

= Piy{{a22 - a4)T + aeV - b2^W + i) 
= ae^^iV) - b23'l>*{W) + lyP 

= ae^^iV) - b23MW) + £ie-^f^. 
Similarly, we obtain the other derivatives, using - (|H2|) . thus: 

DvMy)= a^^.iV) - b23MW) +e-2^ei^, (74) 

Dv^,{W)= b23MV)-a6'^*{W), (75) 

DwMV) = - + ae)^,{W), (76) 

Z)iy^,(Ty) =(633-a6)<^*(^) +e-2/ei^, (77) 

Z?s„<? = /3e-2/eiK. (78) 

The foliation at / = /o gives an immersion of N'^ to M^, say ttj;, . Therefore, 
we can define an immersion of N"^ to by (/> := <P o nj^, whose structure 
equations are exactly the equations above when f = fo- Hence, we know 
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that (f) maps N'^ into span{^* (F), (1^), an affine hyperplane of and 
= implies (^{t,v,w) = (f){v,w). 

We can read off the coefficients of the difference tensor K"^ of (f> (cf. 
© and (d): i^r^Ci/,^) = qqV, K^{V,W) = -aQW,K^{W,W) = -a&V, 
and see that trace(-fr'^)x vanishes. The affine metric introduced by this 
immersion corresponds with the metric on N'^. Thus £i(f) is the affine normal 
of (p and is a proper affine sphere with mean curvature Ei. Finally the 
vanishing of the difference tensor characterizes quadrics. □ 

Our next goal is to find another linear combination of T and this 
time only depending on t. (Then we can express T in terms of 4> and some 
function oit.) 

Lemma 19. Define 5 := HT + (022 + 0,4)^. Then there exist a constant 
vector C G and a function a{t) such that 

5{t) = a{t)C. 

Proof. Using (j^H resp. and (jSHI) we obtain that DyS = = DwS. 

Hence 6 depends only on the variable t. Moreover, we get by (jSlJ), 
and (inSl) that 

^5 = Dt{HT + {022 + a4)0 
at 

= H{-2aiT - e) + (-022 + H-3al- 402204)^ - (022 + a4)HT 
= -(804 + a22){HT + (022 + 04)^) 
= -(3a4 + 022)5. 

This implies that there exists a constant vector C in and a function a{t) 
such that 5{t) = a{t)C . □ 

Notice that for an improper affine hypersphere {H = 0) ^ is constant 
and parallel to C. Combining (j) and 5 we obtain for T (cp. Lem. [THl and ll9() 
that 

T(t, V, w) = -^C + —(022 + aSiv, w). (79) 
In the following we will use for the partial derivatives the abbreviation 

Lemma 20. 

9,1, 
V at pv 



<^x ■= X = t,V,W. 



fiv 
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Proof. As by (f7fl|) and Lem.[T71^4j- = ^(022 + 04), we obtain the equation 
for ipt = T hy (|7^ . The other equations follow from ((7^ and ((75|) . □ 

It follows by the uniqueness theorem of first order differential equations 
and applying a translation that we can write 

1 

ip{t, V, w) = a{t)C + —{t)(j){v, w) 

for a suitable function d depending only on the variable t. Since C is 
transversal to the image of (j) (cp- Lem. 1181 and 1191 ly ^ 0), we obtain 
that after applying an equiaffine transformation we can write: ip{t, v, w) = 
{'ji{t),^2it)(p{v,w)), in which (p{v,w) = (0, 0(f , u))). Thus we have proven 
the following: 

Theorem 5. Let be an indefinite affine hypersphere of which admits 
a pointwise Z3- or SO {2) -symmetry. Let 0^2 — a\ ^ H for some p G M^. 
Then is affine equivalent to 

^■.LxN^^R'^:{t,v,w)^ {ji{t),j2{t)(l){v,w)), 

where cj) : N"^ ^ is a (positive definite) elliptic or hyperbolic affine sphere 
and 7 : / — > is a curve. 

Moreover, if admits a pointwise SO (2) -symmetry then N'^ is either an 
ellipsoid or a two-sheeted hyperboloid. 

We want to investigate the conditions imposed on the curve 7. For this 
we compute the derivatives of ip: 

V^tt = (71,72V), ftv = {0,724>v), ftw = {0,724>w), (80) 
V'tJi, = (0, 72'Ato), fvw = {0,^24>vw), V'ww = {0,^'24>ww)- 

Furthermore we have to distinguish if is proper (H = ±1) or improper 
{H = 0). 

First we consider the case that is proper, i. e. ^ = —Hip. An 
easy computation shows that the condition that ^ is a transversal vector 
field, namely / det{ipt,ipv,fw,(.) = -72(7172 - 7172) det ((/>!,, (/)^, (/>), is 
equivalent to 72 7^ and 7172 — 7^72 7^ 0. To check the condition that ^ 
is the Blaschke normal (cp. Q)), we need to compute the Blaschke metric 
h, using (^), (jSnj, (f71)l ~(f77 |) and the notation r,s G {v,w} and g for the 
Blaschke metric of 0: 

ipu = ■■■(pt + -TT/ — 

^(7172 - 7i72) 

iftr = tang. 

. 7W2 / 5 d 

ifrs = tang. - — — zSigiT^, ttK- 

H{lii2 - 7i72) dr ds 
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We obtain that deth = - h^^) = j^a'jiy]' / ^^|!^'^)3 (tD^tI det g. 

Thus © is equivalent to tKti 72-7172)' det(,/.„ cj^f = \ ^^^^IZ^^^yA l'ifll det g\ 
Since is a definite proper affine sphere with normal —ei<p, we can again 
use (0} to obtain 

A 7-r ^ . 2| / / |5 \ I II II I \ I I \2 I r\ 

^ = -i?V9 72 1 7172 -7i 72 1 = l7i72 -7i72l(7i) / 0. 

From the computations above (5 is positive definite) also it follows that (/? is 
indefinite iff either sign(7i72 — 7^72) = sign(7^72 — 7172) = sign(7^72ei) 
or -Fsign(7i72 - 7^72) = sign(7i72 - 7172) = sign(7i72ei). 

Next we consider the case that is improper, i. e. ^ is constant. By 
Lem. El ^ is parallel to C and thus transversal to </>. Hence we can apply 
an affine transformation to obtain ^ = (1,0,0,0). An easy computation 
shows that the condition that is a transversal vector field, namely 7^ 
det((/3t, ^v:^w,C) = —7272 det(0t,, (pw,'P), is equivalent to 72 7^ and 72 7^ 0. 
To check the condition that is the Blaschke normal (cp. ©) we need to 
compute the Blaschke metric h, using (P)), (|Hn|) . (|74 |) -(f77 |l and the notation 
r,s G {vjw} and g for the Blaschke metric of (p: 

(pu = ...^t -, 

72 

(ptr = tang. 



7i72 , d d 

iprs = tang. H —£ig{ — , — 

72 or OS 



We obtain that deth = htt{Kvhww — h'^w) = — "^^^^p57)T~^(7i)'72 det 5. Thus 
© is equivalent to 7|(72)Met(0^, 0^, = |li2iz^(^^)2^2 ^et 5]. Since 
(/) is a definite proper affine sphere with normal —£i(j), we can again use (jlj 
to obtain 

^ = (1,0,0,0) ^ 7II72I' = I7W2 - 71721(71)' ^ 0. 

From the computations above also it follows that (p is indefinite iff either 
-sign(72) = sign(7i7^' - -/'{j'^) = sign(7i72ei) or sign(72) = sign(7[7^' - 
7i72) = sign(7i72ei). 

Now we are ready for the converse. 

Theorem 6. Let cj) : N"^ ^ M'^ be a positive definite elliptic or hyperbolic 
affine sphere (with mean curvature Ei = ±lj, and let ^ : I ^ "M? be a 
curve such that ip{t,v,w) = {'yi{t),^2{t)(p{v,w)) defines a 3 -dimensional 
indefinite affine hypersphere. Then <p{N'^ x I) admits a pointwise Z3- or 
SO (2) -symmetry. 

(i) If-f = (71,72) safe^es7||7i7^-7l72|^ = sign(7^72ei)(7l7^'-7i 70(71)^ ^ 
0, then ip defines a 3-dimensional indefinite proper affine hypersphere. 
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(ii) If J = (71,72) satisfies -/^\-f!2\^ = sign(7i72ei)(7i72'-7i72)(7i)^ / 0. 
then (p defines a 3- dimensional indefinite improper affine hypersphere. 

Proof. We already have shown that 99 defines a 3-dimensional indefinite 
proper resp. improper affine hypersphere. To prove the symmetry we need 
to compute K. By assumption, (j) is an affine sphere with Blaschke normal 
= —eicf). For the structure equations we use the notation (firs = 
^Trgipu — grs^i(f, r,s,u G {v,w}. Furthermore we introduce the notation 
a = 71 72 — 7^72- Note that a' = 7172 — 7i72- 

(i) Using (|Hn|) . we get the structure equations (pQ) for ip: 

^tt = —^t H 77 4, 

a Ha 

i2 

ftr = ^r, 

72 

<A-pn 7172 7l72 t 

a Ha 

We compute K using © and obtain: 

{V^,h){ipr,^s) = {C^^)'— 2 — )h{(fr, fs), 

a 7172 72 

{y^,h){ipt,'ft) = 0, 

implying that K^p^ restricted to the space spanned by ip^ and ip^ is a multiple 
of the identity. Taking T in direction of 994, we see that <py and (pw are 
orthogonal to T. Thus we can construct an ONE {T, V, W} with V, W 
spanning spanj^?^, such that ai = 204, 02 = ^3 = as = 0. By the 
considerations in Sec. 0] we see that 'p admits a pointwise Z3- or 50(2)- 
symmetry. 

(ii) The proof runs completely analog. □ 
7.1.2 The second case: 1/ = and / on 

Next, we consider the case that H = 0^2 — a\ and H ^ Q on M'^ . It follows 
that a22 / ±04 on M^. 

We already have seen that admits a warped product structure. The 
map ^ we have constructed in Lemma ITHl will not define an immersion (cp. 
(O and ((721)). Anyhow, for a fixed point to, we get from - dHU), 
and (f7!T|) . using the notation = (022 — a4)r + 

DvV = aeV - 623 + |, 
DvW = b23V - aeW, 
DwV = -{bss + ae)W, 
DwW = {b33 - ae)V + i, 

DeJ = 0, Eae{V,W}. 
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Thus, if V and w are local coordinates which span the second distribution 
-L2, then we can interprete ip{tQ,v,'w) as a positive definite improper affine 
sphere in a 3-dimensional linear subspace. 

Moreover, we see that this improper affine sphere is a paraboloid pro- 
vided that aQ{tQ,v,w) vanishes identically. From the differential equations 
determining ag, we see that this is the case exactly when vanishes 
identically, i.e. when admits a pointwise S'0(2)-symmetry. 

After applying a translation and a change of coordinates, we may assume 
that 

ip{to,v,w) = {v,w,f{v,w),0), 

with affine normal ^{tQ,v,w) = (0,0,1,0). To obtain T at Iq, we consider 
(|57j) and ^ and get that 

(r-(a22 + 04)93) =0, Ea,Eb£{V,W}. 

Evaluating at t = to, this means that there exists a constant vector C, 
transversal to span{y, VF, ^}, such that T{to,v,w) = {a22+a4){to)ip{tQ,v, w)+ 
C. Since 022 + 04/0 everywhere, we can write: 

T(to,v,w) = ai{v,w, f{v,w),a2), (81) 

where 01,02 7^ and we applied an equiaffine transformation so that C = 
(0,0,0,0102). To obtain information about D^T we have that DtT = 
-2aiT - ^ (cp. ((Ml)) and C = I - (022 - a4)T by the definition of f. Also 
we know that ^{to,v,w) = (0,0, 1,0) and by dZII) - dZSl) that Dx{(30 = 0, 
X G X{M). Taking suitable initial conditions for the function (3 {(3{to) = 1), 
we get that = (0, 0, 1, 0) and finally the following vector valued differential 
equation: 

Dyr = (022-304)^-^(0,0,1,0). 

Solving this differential equation, taking into account the initial conditions 
(|HT|) at t = to, we get that there exist functions 5i and 82 depending only 
on t such that 

T{t,u,v) = {6i{t)v,6i{t)w,6i{t){f{v,w)+d2{t)),a25i{t)), 

where 5i (to) = «!, ^2(^0) = 0, 5[{t) = {a22-^a4,)5i{t) and52(0 = ^i^it)(3~^{t)- 
As T{t,v,w) = ^{t,v,w) and ip{to,v,w) = {v,w, f{v,w),0) it follows by 
integration that 

ip{t,v,w) = {ji{t)v,"fi{t)w,-fi{t)f{v,w) +72(i),a2(7i(*) - 1)), 

where j[{t) = 6i{t), 7i(to) = 1, 72(^0) = and 7^(t) = 5i(t)<52(t). After 
applying an affine transformation we have shown: 
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Theorem 7. Let M"^ be an indefinite proper affine hypersphere of which 
admits a pointwise Z3- or SO (2) -symmetry. Let H = ~ ^4(7^ 0) on M^. 
Then is affine equivalent with 

if-.IxN^^R^: {t,v,w) ^ (7l(^)^;,7l(^)^i;,7l(^)/(^;,^i;) +72(t),7i(i)), 

where ip : N'^ : {v,w) 1-^ {v,w,f{v,w)) is a positive definite improper 

affine sphere with affine normal (0, 0, 1) and 7 : I ^ is a curve. 
Moreover, if Pfi admits a pointwise SO {2) -symmetry then N"^ is an elliptic 
paraboloid. 

We want to investigate the conditions imposed on the curve 7. For this 
we compute the derivatives of (p: 

ft = {-f[v,-f[w,-f[f{v,w) +-y2,j[), 

fv = (7i,0,7i/^,,0), ipi, = (0,71,71/^,0), 

iptt = (7^,7>,7r/(^^,^) +72,71 ), (82) 

7' 7' 
ftv = T^fv, ftw = :^fw, 

= (0,0, /^,^, 71,0), = (0,0, 71 /^^„,0), fww = {^,^-,llfww,^)- 

is a proper hypersphere, i. e. ^ = —Hip. An easy computation 
shows that the condition that is a transversal vector field, namely 7^ 
det((^t, ipw,C) = --H'7i (7172 - 7i72)> is equivalent to 71 / and 717^ - 
7W2 / 0. Since (0, 0, 1, 0) = ^^^/l'^/^, ft - we have the following 

structure equations: 

^~ - n" I 7i'7y-7i"7^ 71 I j1i£z2lI2 J_t CQo^ 

- l-yj + 7; 717^-7(72^'^* + 7i7^-7i72 H?' y^-^) 

7' 



2 / 

frs = 717^-7(72 •/^'•s'^* + 7172-7172 "ff'^' 



We obtain that det /i = htt{Kyh^y,-hl^) = jj^^^p^rz}^r^jl{-f'if{fvvfww- 
f'^yj). Since %[) \s a positive definite improper affine sphere with affine normal 
(0, 0, 1), we get by Q that fwfww — fvw — 1- Now Q (for ^) is equivalent 
to 7f (717^ - 7172)' = I (^f|^l7?(7l)'. It follows that 

A zj z ^ 2| / / |5 \ I II II I \ I I \2 I r\ 

C = -i?V9^^7i|7i72-7i72| = |7i72 -7i72l(7i) / 0. 

From the computations above also it follows that 99 is indefinite iff either 
sign(7W2 - 7i72) = sign(if(7i7^ - 7^72)) = -sign(7i7i) or sign(7i7^' - 
7i72) = - sign(i?(7i72 - 7^72)) = - sign(7i7;). 
Now we can formulate the converse theorem: 
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Theorem 8. Let ip : N'^ : {v,w) {v,w, f{v,w)) be a positive defi- 

nite improper affine sphere with affine normal (0, 0, 1), and let^:I^M? be 
a curve such that ip{t,v,w) = (7i(i)f , 7i(t)u', 7i(t)/(t', iw) + 72(t), 7i(t)) de- 
fines a 3-dimensional indefinite proper affine hypersphere. Then (p{N'^ x /) 
admits a pointwise Z3- or SO (2) -symmetry. 

Moreover, if ^ = (71,72) satisfies 7i|7i72 - 7l72|^ = - sign (7171) (71 72 - 
7i72)(7i)^ 7^ 0' then ip defines a 3-dimensional indefinite proper affine hy- 
persphere. 

Proof. We already have shown that (p defines a 3-dimensional indefinite 
proper affine hypersphere with affine normal ^ = —Hip. To prove the sym- 
metry we need to compute K. We get the induced connection and the affine 
metric from the structure equations (|83|) . We compute K using Q and 
obtain: 



(V<pt/i)((/?r,¥'s) = (^ln(— ^j— ) - 2-^)h{ipr,^s), 



lln( 211^ )-2^' 

'dt 7172 -7i 72 71 ■ 

(V^»((^f,(/?t) = 0, 



implying that K^p^ restricted to the space spanned by </7^ and (pw is a multiple 
of the identity. Taking T in direction of </?t, we see that (p^ and (pw are 
orthogonal to T. Thus we can construct an ONB {T, V, with V, W 
spanning span{(/?^, such that ai = 204, 02 = 03 = 05 = 0. By the 
considerations in Sec. 0] we see that (/? admits a pointwise Z3- or 5*0 (2)- 
symmetry. □ 

7.1.3 The third case: = and = on 

The final cases now are that v = Q and = on the whole of and hence 
022 = ±04- 

First we consider the case that 022 = 04 =: a > 0. Again we use that 
admits a warped product structure and we fix a parameter t^. At the 
point we have by ([59|) - (|63|) : 

DvV = +aQV - b23W 

DvW = +b23V - oqW, 

DwV = - (633 + «6)VF, 

DwW =+(^33 - aQ)V +i, 
Dxi = 0. 

Thus, if V and w are local coordinates which span the second distribution 
L2, then we can interprete ip{tQ,v,w) as a positive definite improper affine 
sphere in a 3-dimensional linear subspace. 

Moreover, we see that this improper affine sphere is a paraboloid pro- 
vided that aQ{to,v,w) vanishes identically. From the differential equations 
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(|65)1 determining ag, we see that this is the case exactly when vanishes 
identically, i.e. when admits a pointwise S'0(2)-symmetry. 

After applying an affine transformation and a change of coordinates, we 
may assume that 

ip{to, V, w) = {v, w, f{v, w),0), (84) 
with affine normal S,{to,v, w) = (0, 0, 1, 0), actually 

^{t,v,w) = (0,0,1,0) 

(^ is constant on by assumption). Furthermore we obtain by (|57|) and 
((SHI), that DuT = 2aU for all U £ L2. We define 6 := T - 2aip, which is 
transversal to spanjF, VF, ,^}. Since a is independent of v and w (cp. H64|)l. 
Djjd = 0, and we can assume that 

T{to, V, w) - 2a{toMto, v, w) = (0, 0, 0, 1). (85) 

We can integrate (jHH) (T(a) = -Aa^) and we take a = ^, t > 0. Thus 
becomes DtT = —^T — ^ and we obtain the following linear second order 
ordinary differential equation: 

d"^ I d ^ 

The general solution is ip{t,v,w) = — + 2\/iA{v,w) + B{v,w). The 
initial conditions ^ and (jHSJ) imply that A{v,w) = (^,^,^^^ + 

1^0^^) V^) ^^'^ B{v,w) = (0, 0, — tg, — 2fo). Obviously we can translate B 
to zero. Furthermore we can translate the affine sphere and apply an affine 
transformation to obtain A{v,w) = ^^{v,w,f{v,w),l). After a change of 
coordinates we get: 

ip{t,v,w) = (tv,tw,tf{v,w) — ct'^,t), c,t > 0. (87) 

Next we consider the case that —022 = 04 =: a > 0. Again we use that 
admits a warped product structure and we fix a parameter to. A look at 
suggests to define ^ = —2aT + ^, then we get at the point to: 

DvV = +aQV - 623 +1, 

DvW = +623^ - aisW, 

DwV = - (633 + ae)^^, 

DwW =+(633 - ae)^ +1 
Dui = 0. 

Thus, if V and w are local coordinates which span the second distribution 
L2, then we can interprete ip{tQ,v^w) as a positive definite improper affine 
sphere in a 3-dimensional linear subspace. 
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Moreover, we see that this improper affine sphere is a paraboloid pro- 
vided that aQ{tQ,v,w) vanishes identically. From the differential equations 
(|65|) determining og, we see that this is the case exactly when vanishes 
identically, i.e. when admits a pointwise S'0(2)-symmetry. 

After applying an affine transformation and a change of coordinates, we 
may assume that 

ip{to, V, w) = {v, w, f{v, w),0), (88) 

with affine normal 

i{to,v,w) = (0,0,1,0). (89) 

We have considered ^ before. We can solve ((Zni (^/3 = -2a/5) exphcity 
hy (3 = (cp. ^) and get by that Dx{^0 = 0. Thus 

■^{—2aT + ^) =: C for a constant vector C, i. e. T = —-^{^faC — ^). 
Notice that by ^ is a constant vector, too. We can choose a = jy^y, 
t <0 (cp. (jnU), and we obtain the ordinary differential equation: 

—(p = -y^\C-2t^, t<0. (90) 

The solution (after a translation) with respect to the initial condition (|88() 
is ip{t,v,w) = ||t|2C — t^^ + {v,w, f{v,w),0). Notice that C is a multiple 
of ^ and hence by (|89|) a constant multiple of (0,0, 1,0). Furthermore ^ is 
transversal to the space spanned by ip{tQ,v,w). So we get after an affine 
transformation and a change of coordinates: 

Lp{t,v,w) = {v,w,f{v,w) +ct^,t'^), c,t>0. (91) 

Combining both results (|87)) and (|91j) we have: 

Theorem 9. Let be an indefinite improper affine hypersphere of 
which admits a pointwise Z3- or SO (2) -symmetry. Let — ^1 on M^. 
Then is affine equivalent with either 

ip : L X N"^ : {t, v, w) ^ {tv, tw, tf{v, w) — ct'^, t), (022 = 04) or 

ip : L X ^ : {t,v,w) {v, w, f{v, w) + ct^,t'^), {-022 = 04) 

where ip : N"^ : {v,w) 1-^ {v,w,f{v,w)) is a positive definite improper 

affine sphere with affine normal (0,0, 1) and c,t £ R"*". 

Moreover, if admits a pointwise SO {2) -symmetry then N"^ is an elliptic 

paraboloid. 

The computations for the converse statement can be done completely 
analogous to the previous cases, they even are simpler (the curve is given 
parametrized). 
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Theorem 10. Let tp : A^^ M'^ : {v,w) i— > {v,w,f{v,w)) be a pos- 
itive definite improper affine sphere with affine normal (0,0,1). Define 
(p{t, V, w) = {tv, tw, tf{v, w) — cf^jt) or ip{t, V, w) = {v, w, f{v, w) + ct^,^^), 
where c,t G M"*". Then 93 defines a 3-dimensional indefinite improper affine 
hypersphere, which admits a pointwise Z3- or SO {2) -symmetry. 

7.2 Pointwise S's-symmetry 

In the beginning of the section (cp. Lem- ITU)) we have shown that in the case 
of S's-symmetry, there exists a locally defined orthonormal frame {T, V, W} 
such that K is given by: 

K{T,T) = 0, K{T,V) = 0, K{T,W) = 0, 

K{V, V) = aeV, K{V, W) = -a^W, K{W, W) = -a&V, 

(the vector field T (up to sign) and the function oq are invariantly defined) 



and the structure equations ((0), (|2j) are: 

DtT = - e, (92) 

DtV = + iassW, (93) 

DtW = -ia23^, (94) 

DvT = +a22V + T^, (95) 

DwT = -a23V + 022 H^, (96) 

DvV= +06^-623^^ +a22T + e, (97) 

DvW= +b23V-a6W +a23T, (98) 

DwV = - (633 + a6)W-a23T, (99) 

DwW =+(633 - aG)V +a22T + (100) 



DxC = -HX, (101) 

The Codazzi and Gauss equations f (|T2|) and (fT3|)') have the form (cp. Lem.ITT] 
and 112): 

r(lna6) = -a22, ^(Inae) = 3633, Ty(lno6) = -3623, (102) 
^(022) = -022 + al^ + H, 

V{a22) = W{a23), W{a22) = -V{a23), (103) 

T{a23) = -2022023, ^(023) = -3(r(623) + 022623 + io23?'33), 
^^(023) = 3(-r(633) + §023^23 - 022633), (104) 

^(633) - W{b23) = - |a^3 + bl3 + bl^ + H + lal (105) 

An evaluation of the equation [1/, l^Joe = (VyVF — Vvf^)o6 gives us in 
addition: 

^(623) + W^(&33) = 1022023. (106) 
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Notice that by (|in2|) and (|in3|) the functions |a22| and |a23| are invariantly 
defined. 

Positive definite affine hyperspheres admitting an 5'3-symmetry turn out 
to satisfy Chen's equafity 'Vra04' . They were studied in several articles 
r |SSVV97j . [SV9fi] , KSVOl^ , KV92], |Vran4p and now they are completely 
classified. Our structure and integrability conditions are kind of similar 
and luckily we can follow the approach in |KV99j . solving the system of 
equations directly. We do expect that the approach of |KSVnij (reduction 
to a classification of 2-dimensional minimal surfaces in whose ellipses are 
circles, done for elliptic affine hyperspheres) also is generalizable to all cases. 

From the structure equations (|^^ and HlOlj) we get that DtDt^p = Hip 
if H = ±1, resp. DtDt^ = const., if iJ = 0. This implies for the integral 
curves 7 of T that 7" = H-i, thus (cp. |KSVni| . Cor. 1): 

Remark, (p is locally ruled by arcs of ellipses resp. hyperbolas if it is proper 
and H = —1 resp. H = 1, and by straight lines if it is improper (H = 0). 

As a consequence of the ruling we can integrate the integrability con- 
ditions in T-direction explicitly. We introduce a coordinate function t by 

d rp 

dt ■- ^ ■ 

Lemma 21. For any function t with Tt = 1 there is a dense open subset 
M C and there are functions h,k,l: M ^ M with Th = Tk = Tl = 
such that on M we have if 

H = —1 then either 022 = 0, 023 = ±1, = e'^ or 

sm(t + /) cos(t + /) sinh(/i) cosh(/i) 

"22 = :rr, r tttTTT' '^23 ~ 



cos2(t + sinh^(/i) ' cos^{t + I) + sinh^(/i) ' 

cos2(t + + sinh^(/i) 



H = 1 then either 022 = ±1, ^23 = 0, oe = e^^* 



or 



sinh(t + /) cosh(t + /) sin(/i) cos(/i) 

0-22 = ;777T ■ , 9. 77, ^23 ^ 



cos2(/i) + sinh^(t + /) ' cos2(/i) + sinh^(t + I) ' 

06 

COS^ (h) +sinh2(t + /) 

H = then either 022 = 0, 023 = 0, 06 = e'^ or 

t + l h 

^^22 — , ,xo , , n , 023 



{t + ly + /l2 ' (t + /)2 + /i2 ' 
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Proof. Equations (|in3|) and (|in4|) can be combined to T(a22 + 1023) = 

— (022 + 1023)^ + H. Using the notation y = —(022 + i«23)! we have to solve 
the first order differential equations = + 1 {H = — 1), = — 1 
{H = 1) resp. -^y = y^ {H = 0). For H = —1 we get the generic so- 
lution y = tan(z + c) resp. the exceptional solution y = iti, for H = 1 
we get y = itan(z + c) resp. y = ±1 and foi H = we get y = 
resp. y = 0. To obtain the real valued functions 022 and 023 along the 
ruling, we have to split y{z{t)) = y{g{t) + i/i(t)) into real and imaginary 
part. In the first case {H = —1) we get (along the ruling) for example the 
generic solution: y{t) = tan{g{t) + ih{t)) with g{t) = t + I and -^h = 0. 
]ST (f\ _ sin(g(f)+ife) _ sin(g(t)) cos(g(f))+i sinh(fe) cosh(fe) ^ . integrate 
iNow y[t) - - cos2(g(t))+sinh^{/i) " "^^^^^ miegrate 

H1U2|) along the ruling to obtain ag. In the first case this gives generically: 

— Inog = I ln(cos^(t + 1) + sinh^(/i)) + k. The other results are computed in 
the same way. □ 

In order to solve the rest of the integrability conditions we need to intro- 
duce adapted coordinates. Since T is geometrically distinguished we would 
like to find Gaussian vector fields T, V, W such that T = T. Analogous to 
|KV99j we look for functions ci , C2 , 61 , &2 such that 

Lemma 22. For T,V ,W to be (local) Gaussian vector fields it is necessary 
and sufficient that the following system of equations is satisfied: 

r(ci) = a22Cl - |a23C2, T(C2) = |a23Cl + a22C2, 

(108) 

-V{ci) + W{C2) = 633C1 + 523C2, V{C2) + W (ci) = 623C1 - fe33C2, 

(109) 

T{bi) = -022^1 - 1023^2, ^(62) = §023^1 - a22&2, 

(110) 

V{b2) - W{bi) = -2a23 + ^23^1 + ^3362. (Ill) 

Proof. We have to show that our system of equations is equivalent to the 
vanishing of all commutators. Using [aX, [3Y] = aX{0)Y — f3Y{a)X + 
a/5(Vx^ - VyX) we get 

[y, W] = b23V + 633!^ + 2a23T, [T, V] = -a22V - §023 W^, 
[T,W] = la23V - a22W. 

Therefore 

[f, V] =[r, ciV + C2W + (cibi + C2b2)T] 

= (r(ci) - a22Cl + la23C2)V + (T(C2) - |a23Cl - a22C2)W^ 

+ (r(ci)6i + cir(6i) + T(c2)62 + C2T{b2))T. 
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Hence [T, y] = is equivalent to (|lfl8|) and the equation 

Cir(6i) + C2T{b2) = Ci(-a226l - |a23^2) + C2(|a236l - a22&2)- (113) 

Similarly we get 

[f , W] =[T, -C2V + ciW + (-C261 + cib2)T] 

= {-T{c2) + a22C2 + la23Cl)V + (r(ci) + |a23C2 - a22Cl)W 

+ (-T(c2)6i - C2T(6i) + T{ci)b2 + ciT{b2))T. 
Hence [T, W] = is equivalent to (|lfl8|) and the equation 

-C2T{bi) + ciT{b2) = -C2(-a22^i - |a23&2) + ci(|a236i - 022^2)- (114) 

Since cf + C2 / 0, equations (|113() and H114() are equivalent to ()11U() . Finally, 
a lengthy but straightforward calculation gives (we use the abbreviation 
a = C161 + C262 and /? = -C261 + C162) 

[y, T^] =[ciV + + aT, -C2V + ciVF + /5r] 

= {C1{-V{C2) - W{ci)) + C2(F(ci) - W{C2)) + (C? + cl)b23 
- a(r(c2) - C2a22 - Ci|a23) - /3(T(ci) - 01022 + C2|a23)}^ 
+ {-C2{-V{C2) - W{ci)) + CiiVici) - W(C2)) + (C? + ci)633 

+ a(r(ci) - cia22 + C2|a23) - /3(r(c2) - 02022 - ci|a23)}VF 
+ {ci(y(/3) - Wa)) + C2(y(a) + l^(/3)) + (c? + c^)2a23 

+ ar(/3) - /3r(a)}r. 

Using equation (|l()8j) . the vanishing of the V- and W-component of [V, W] 
is equivalent to (|1U9() . Now [V, W] vanishes in addition to [T, V] and [T, V] 
if and only if its V-, VK-components vanish and the equation 

= (c? + ci)(2a23 - 61623 - 62633 + ^(62) - W{bi)) 

holds. However, c^+C2 7^ 0, thus the last equation is equivalent to □ 

To obtain adapted coordinates we need to solve the system of equations 
H1U8|) - H111|) . First we will treat the generic cases. 



Lemma 23. Assume that we are in one of the generic cases (cp. Lem. \21\) 
and let f be any function with Tf = — 1. Then the functions 01,02,61,62, 
defined by 

ici + ic2f = ^, } 6i=y(/), b2 = Wif), (115) 

a6((a22 + 1023) - H) 

are a solution of the system of differential equations (|l()8j) - (|lll|) . 
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Proof. Observe first that the system of equations splits into two independent 
subsystems, namely the system ()1U8() . (|1U9|) . and the system (jllUf) . Ulllj) . 
Assume first that da22, da23 and dag are everywhere linearly independent. 
We start with the system ()1U8() . ()1U9() . We reformulate the system with 
respect to the coordinate functions 022 , 023 , a = In ae , using the integrability 
conditions ^S^-^SM- 



a22Ci - 302302 =T{ci) 



bssCl + 623 C2 



ft23Cl - 633 C2 



22 



al, + H) 



d 



da22 



\a23C1 + 02202 =T{C2) 



d 

--{-al2 + al;i + H)- 

0*022 

---V{ci) + W{c2) 
d 

=V^(a22)(-7T— ci + 



2022^23 



2022023 



d 



da 



23 



d 

022^)Cl, (116) 



d 



da 



23 



022^)C2, 



(117) 



22 



da: 

- 3633 

aa 

^V{C2)+W{CI) 

d 

^V{a22){— — C2 



da 



23 

3^23 ^C2, 

da 



C2) +VF(022)(- 



' da 



■C2 + 



22 



do' 



23 



-cij 



(118) 



'5o 
d 



22 



Cl) +H^(022)(Tr— Cl 



d 



+ 3633— C2 

da 



5o23 
3^23 ^Ci. 

da 



'da 



22 



da 



23 



-C2j 



(119) 



The last two equations are satisfied if (01,02) satisfy the Cauchy-Riemann 
equations with respect to the coordinates 022 and 023 for any fixed o, i. e. 



d 



d 



-ci 



C2, 



9a22 da23 
and their o-dependence is given by 



d 



d 



da 



-02 



22 



do' 



-01 



23 



1 



d_ 

da^^ 



(120) 



Therefore we assume now that oi{z) + ic2{z) is a holomorphic function with 
respect to z = 022 + ia23 and that (|12()|) holds. Since (z^ — H)-^{ci + ic2) = 

^) + 2«22023 a|j)ci +i((+ai2 - Oia -//) 4j + 2022 023 4j)c2 



2 

22" 



*23' 



and -lz{ci + 102) = -|(o22Ci 
and (|117j) are equivalent to 



023C2 + i(o22C2 + a23Ci)), equations H116|) 



(z2-i7)^(ci+iC2) 



-^z{ci + iC2) 



We can integrate the last equation and obtain that (ci+ic2) ^ = 5(0) ((022 + 
1023)^ — H). Finally equation (|120() implies 17(0) = e" = og. The second 
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subsystem can be rewritten as the integrability conditions for a function / 
with Tf = -1. In fact, if we set h = V{f), 62 = W{f) and 63 = T(/), we 
get by (tTTnl) and XTTTl : 

[V,T]{f) = a22V{f) + ^a23W{f) = 02261 + 102362 = -T{h 



3"23>'f \J J — "22^1 -I- 3"23L'2 — "-t [UiJ, 

[W,T]{f) = -la23V{f) + a22W{f) = -§02361 + 02262 = -T(62), 
[V, W]{f) = 202363 + 62361 + 63362 = 2023(63 + 1) + 1/(62) - W{bi). 



Hence these integrabihty conditions are satisfied for 63 = —1 and arbitrary 
functions 61 and 62. 

Now we deal with the case that do22, ^023 and dog are hnearly dependent 
m some subset of M3. We can still define functions ci , C2 , 61 , 62 by equations 
(|115|1 . A direct computation shows that these functions satisfy the system 
of equations (HUHll-JIIIl). □ 

We denote the coordinates provided by LemmalSHlby {t, v, w), i. e. -§1 = 
f = T, = V and = W. We will now make a special choice for / in 
order to simplify equations in Lemma 1^ namely to make / = 0. 

Lemma 24. There exist a function f with T(f) = —1 and a constant c such 
that after replacing t by t + c one has I = in Lemma \21\ The function f 
is given by 

H = -1: / = -i arcsin ( , , , , 



H = 1: / = -i arcsinh . , „ „ „ „ 

H = 0: / = - 



\/(-ai2+a23)^+4«i2'^23 ' 

The variable t is given by t = — / + const. 

Proof. A direct calculation shows that our choice of / satisfies T{f) = — 1 . 
Since V{f) = 61, W{f) = 62, we get from (tWI) that 



d_ 

a 

dw 



C2 Cl ; VV^(/) J \b2 J ''^J \o 



Using Lemma we compute that / = —{t + /). The function / must be 
a constant, since Tl = hy Lemma |^ and we have just shown that also 

dv f dw f ^' ^ 

In the generic cases we have everything to prove the final results: 
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Theorem 11. Let be an indefinite affine hypersphere ofW^ with H = — 1 
which admits a pointwise S^- symmetry and assume, that the invariant func- 
tions everywhere satisfy (0225^23) 7^ (0, ±1). Then M'^ admits coordinates 
{t,v,w) and there are functions h,k: {v,w) M such that 

sm(t)cos(t) smh(/i) cosh(/i) 

= o/.x , ■ 1 9/, X ) "23 = — 



cos2 (t) + sinh2 (/i) ' cos2 (t) + sinh2 (/l) ^ 



^cos2(i) +sinh2(/i) 



where h, k satisfy the system of differential equations 
'f- -^)h-e-hsmh(2h) (— ^ 



+ = e-i'^ sinh(2/.), + = 3e-i^(2e^^ - cosh(2/^)). 

(121) 



Theorem 12. Lei 6e an indefinite affine hypersphere ofW^ with H = 1 
which admits a pointwise S^-symmetry and assume, that the invariant func- 
tions everywhere satisfy (022,^23) / (il^O). Then admits coordinates 
{t, V, w) and there are functions h, k : {v, w) — ^ M such that 

sinh(t) cosh(t) sin(/i) cos(/i) 

^22 = ^77- ■ , 9... ; 0,23 ^ 



cos2(/i) + sinh2(t) ' cos'^{h) + sinh2(i) ' 



'cos^ {h) + smh^{t) 
where h, k satisfy the system of differential equations 

(^2 + ^2)h = -e-i^in(2/.), + = 3e-i^(2e^^ + cos(2/^)). 

(122) 

Theorem 13. Let M'^ be an indefinite improper affine hypersphere of 
which admits a pointwise S^-symmetry and assume, that the invariant func- 
tions everywhere satisfy (022,023) 7^ (0,0). Then admits coordinates 
{t, V, w) and there are functions h, k: {v,w) ^ M. such that 



h e 



.k 



"22-^2^, <^23--:^-^, ae-^-^-^, 
where h, k satisfy the system of differential equations 

(|^ + |.)* = 2e-K. (|^ + |,)* = 3e-i'(2e--l). (123) 
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Proof of the theorems. Let be an indefinite affine hypersphere of 
wliich admits a pointwise S'3-symmetry and assume, tliat tlie invariant func- 
tions everywhere satisfy (022,023) / (0, ±1) {H = -1), (022,023) / (±1,0) 
{H = 1) resp. (022,023) / (0,0) {H = 0). By Lemma 1^ we can assume 
without loss of generality that the functions 022 , 023 and og are given by the 
equations above. We need to show that all integrability conditions ( (|1()2|) - 
(jlObj) ') are satisfied. To simplify the computations we will work in some 
situations in C and use the identification 

/ X —y 

X + ly < — > 

\y ^ . 

The equations (|103j) then are equivalent to 

(y + iW^)(o23) =i(l/ + iVF)(o22) (124) 



(andT(o22) = -0^2 + 0^3 + ^). To get ^(022), ^(023), ^(022) and VF(o23), 

dv ' dw ' 



first we use (|107j) and the notation c = ci + ic2, 6 = 61 + 162, d = ^ + i^: 



(V + iW) = ld- bT. (125) 

c 

For the computation we would like to know 8022 and 9o23 resp. ^(022) 
and X(a23) fo'^ ^ ^ 1^ the proof of Lemma 1211 we have used the 

notation y = —(022 + 1023), and we have shown that y = tan(z + c) = tan(t + 
ih) {H = -1), y = itan(z + c) = itan(/i + it) {H = 1) resp. U = = -JTih 
{H = 0), where T{h) = 0. Now = T{y) = -(T(o22) + ir(o23)), 

i. e. g = -(r(a22) +iT(o23)) {H = -1,0) resp. g = -r(a23) + iT(o22) 
{H = 1), and furthermore -(^(022) + 1^(023)) = X{y) = ^X{z) with 
X{z) = \X{h) {H = -1,0) resp. X{z) = X{h) {H = 1). Thus we get with 
fl ifF = -l,0, 
-1 [fH = l, 



X{a22) = -eHT{a23)X{h), ^(023) = eHT{a22)X{h), (126) 

Applying (TT^ and XVIEii to XVM . we obtain that 4e//r(o22)5(/i)-6r(o23) = 
{V + iW){a23) =i{V + iW){a22) = - ^ienT (023) d {h) -ibT{a22). Thus equa- 
tion (|124|1 is equivalent to 

b = eH^id(h). (127) 
c 



Now equations H102|) are equivalent to: 

3(633 - 1^23) = {V + iW){\n oe) = ^a(lno6) - ^(-022) 

c 

= -(a(lno6) + e//i9(/i)o22). 
c 



(128) 
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In complex notion the integrability conditions (|lfl4|) are 

{V + iW^)(a23) = -(3ir + 3ia22 + 2a23)(&33 - 1623)- (129) 
From the above we already know that 

{V + iW){a2^) = -_eHd{h){T{a22) - iT{a2z)). (130) 
c 

For the right side of equation (|129|) we need to know T(c). Using (|108j) 
we obtain that T(c) = — ^(3a22 — i2a23)- With the help of H126() and the 
equations for T{a22) and r(a23) (cp- (|103j) and (|104j) ) we get: 

3r(633 - i^'23) =^{5(lna6)(-3a22 + i2a23) 

+ e//a(/i)(ia22(-3a22 + i2a23) + 3r(a23) + i3r(a22))} 

=-^{5(lna6)(-3a22 +i2a23) 
6c 

+ e//5(/i) (-4022023 + i(-6a22 + Sa^g + m))]. 

(131) 

From l(T^ and ((nT|) (and (fT^ ) it is easy to check that ((T^ is true and 
thus (|104|) . For the investigation of (|lfl5j) and (|lfl6j) we first compute the 
left hand sides in complex notion. We use (|125j) . the notion A = + 
and also that by (|12(S|) 633 + 1623 = ^{dihiao) — ia22£_ff9(/i)), and obtain 
after a while: 

{V + iW^)(633 + i&23) =^{(«22eH9(M + i5(h^)(--)(ac - eHid{h:)T{c)) 

3i|c|^ c 

+ eHa22^h + iA(lna6) - iT{a22)\d{h)\^}. 

(132) 

The complex function c was defined by c = (e''^"6(z2 _ if))- 3 (cp. ([TT5]) V 
where z = 022 + ia23. Thus = -f (^(Inae) + ^^^f|^^) = -f(9(lna6)- 
2eiyi(a22 + ia2^)d{h)) (cp. (fTSfijl V By (p^ we have that T(c) = (022 + 
i|a23)c. So we can simplify dc — eHid{h)T{c) = —^{d{lnae) + SH0.22^d{h)), 
and hence (|132j) becomes: 

(l/ + iW)(633 +i623) =:r^{-ia22eHl2i^(d{h)d{lnaQ)) + l\d{lnae)f 

+ |5(/^)P(^a22 - -H) + A(lna6) - ieHa22A/i}. 

(133) 
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Splitting into real and imaginary part we have: 

V{b33) - W{b23) =-^{2a22effi9(5(70a(lna6)) + i|5(lna6)P 

+ \m\H^42 - «23 -H)+ AOnae)}, 
Vib23) + Wib33) = - -^eHa22Ah. (135) 

This means that p()f)|) is equivalent to 

Ah = -2eH\c\'^b. (136) 

Furthermore by (f^Hl) we get b^^ + 6^3 = I633 + i623p = 9|^(|9(ln ae)^ + 
a22\d{h)\'^ + 2eHa22'^{d{h)d{lnae))) and therefore: 

V{b33)-W{b23)-{bh+bl3) = ^mh)\\42-43-H)+A{lnae)). (137) 

To simplify the right hand side we need to compute A(lna6). A lengthy but 
straightforward computation, using the definition of qq in each case, leads 
to: 

V{b33) - W{b23) - {bh + 6i3) = -i-(AA: + e^/assA/i). (138) 

If we use (|136|) , we get from (|138|) that (|lfl5j) is equivalent to 

Ak = 3\c\'^{-al2-al3 + H + 2al). (139) 

Finally, to prove the equivalence of (|136|) and l|139j) with the systems of 
differential equations (cp. H121() . (|122() . H123() ). one needs to juggle with 
trigonometric equalities. Explicitly we will give one more step: 

H = -1 : |c|2 = e-i^(cos2(t) + smh\h)), 

H = 1: |c|2 = e"i''(cos2(/i) + smh^it)), 

H = 0: |c|2 =e-i'=(/i2 + t2). 

□ 

We are left with the exceptional cases (cp. Lemma I21|). Using (|112|) 
it is easy to show that the Gauss equations ()1U4|) and ()1U6|) are just the 
integrability conditions for a function k with 

Tik) = 0, Vik) = 3b33, Wik) = -3b23. (140) 



43 



For og = exp(— 022^+^) (cp. Lemma l2T|) the latter equations are the Codazzi 
equations ()1U2() . To solve the last non-trivial integrability condition 1)105(1 
we need to find adapted coordinates, i. e. by Lemma [22l we need to solve the 
system of equations (|1U8() - (|111() . Notice that for H = or H = 1 we have 
023 = 0, hence by ()112|) the distribution T"*- = spanjV, W} is integrable and 
we do not need the functions bi , 62 in l|l()7|) . 

Lemma 25. Assume that we are in one of the exeptional cases (cp. Lem. \2l\) 

and let f be any function with Tf = —1. Then the functions ci, 02,61,62; 
defined by 

(ci+ic2)=^ = -e2('^22+ia23)t^ 6i=y(/), 62 = T^(/), (141) 

are a solution of the system of differential equations (|1U8|) - Hlll|) . 

Proof. Observe first that the system of equations splits into two independent 
subsystems, namely the system ()1U8() . (|109() . and the system (|11U() . (|111|) . 
We rewrite the first systems, using again the complex notation c = ci + ic2: 
(|1U8|) is equivalent to T(c) = (022 + i|a23)c and (|1U9() to 

{V + iW){c) = (-633 + i623)c = -l{V + iW){k)c. (142) 

Integrating these equations we get that c = exp(— ^A; + (022 + i|«23)i)- 
Since gq = exp(— 022* + k), we get the expression for c. The proof for the 
second subsystem (only non-trivial for H = —1) is the same as before (cp. 
Lemma 0^ . □ 

As before we denote the coordinates, this time provided by Lemma OSl 
by (t,v,w), i. e. ^=T = T^-^ = V and ^ = W. Now we are ready to 
prove the final results for the exceptional cases: 

Theorem 14. Let be an indefinite affine hypersphere o/M^ with H = —1 
which admits a pointwise S^-symmetry and assume, that the invariant func- 
tions everywhere satisfy (022)023) = (0, ±1). Then admits coordinates 
{t,v,w) and there is a function k: {v,w) M. such that = , where k 
satisfies the elliptic pde 

{^,+-^,)k = 2e-h{3e^'-4). (143) 

Theorem 15. Let be an indefinite affine hypersphere o/M^ with H = 1 
which admits a pointwise S^-symmetry and assume, that the invariant func- 
tions everywhere satisfy (022,023) = (iljO). Then admits coordinates 
{t,v,w) and there is a function k: {v,uj) ^ M such that og = e'^'^*, where k 
satisfies the elliptic pde 
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Theorem 16. Let be an indefinite improper affine hyper sphere of 
which admits a pointwise S^-symmetry and assume, that the invariant func- 
tions everywhere satisfy (022,023) = (0,0). Then admits coordinates 
{t,v,w) and there is a function k: {v,w) ^ M such that oq = , where k 
satisfies the elliptic pde 

Proof of the theorems. We already have seen that the integrability condi- 
tions (|1()2|) - (|1()4|) and are satisfied. Hence we need to show that 
equation ()1U5() is true. Using (|1U6() and H14U|) we get in complex nota- 
tion 1^(633) -VF(&23) = (1^ + iVF)(633+i&23) = {V + \W)\{V + \W){k). We 
have found coordinates such that V + iW = -^d — bT (cp. H107I) '). here 

9=m + 'i^ = ^ + and b = bi + ib2. Thus (V + iW)lJvTW){k) = 
liV + iW){j^d{k) -bT{k)) = l{V + iW){ld{k)), since T{k) = by jUni). 

We know (V + iW){c) by equation H142() . and because of T{d{k)) = we 
finally obtain that 

V{b^^) - W{b2^) = 7^(|5(A;)p + 3AA;). (146) 

Also from JTHI) follows that 612 + ^23 = gl(^ + iW^)(^)P = 9|^I^(^)P> tli^s 
H1U5|1 is equivalent to 

1 5 

Afc = if - 022 - -023 + 206- 

To complete the proof we only need to replace 022, 023, og and c in each 
case according to their definition. □ 



8 Pointwise S0(1, l)-symmetry 

Let be a hypersphere admitting a S0(1, l)-symmetry. According to 
Thm. [21 there exists for every p G an LVB {e, v,f} of TpM^ such that 

K{v, v) = -264V, i^(v, e) = 646, i^(v, f ) = 64f , 

K{e, e) = 0, K{e, f ) = &4V, K(f , f ) = 0, 

where 64 > 0. 

We would like to extend the LVB locally. It is well known that Ric (cp. 
(O) is a symmetric operator and we compute (some of the computations in 
this section are done with the CAS Mathematica'^): 

*http://www. math. tu-berlin.de/~schar/IndefSym_typ8. html 
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Lemma 26. Let p G and {e,v, f} the basis constructed earlier. Then 

Ric(v,v) = 2(F + 35^), Ric(v,e)=0, 
Ric(v,f)=0, Ric(e,e)=0, 
mc{e, =2{H + bl), Ric(w,w)=0. 

Proof. The proof is a straight-forward computation using the Gauss equa- 
tion (|13j) . It follows e. g. that 

i?(v, e)v = -He - K^ib^e) + Ke{-2biw) = -He - bje - Ibje 

= -iH + 3bl)e, 
R{v, f)v = -Hi - K^{bJ) + i^f (-264V) = -Hi - bji - 26^f 

= -iH + 3bl)i, 
R{i, e)v = -Kf (646) + Ke{bJ) = 0. 

From this it immediately follows that 

Ric(v,v) = 2{H + 3bl) 

and 

Ri^(v,e) = 0. 

The other equations follow by similar computations. □ 

Remark. For the scalar curvature of we obtain k = H + ^b^. Therefore 
J = |6| and 64 is a globally defined function on M^. 

We want to show that the basis, we have constructed at each point p, 
can be extended differentiably to a neighborhood of the point p such that, 
at every point, K with respect to the frame {E, V, F} has the previously 
described form. 

Lemma 27. Let be an affine hypersphere in M.^ which admits a point- 
wise SO {1,1) -symmetry. Let p € M. Then there exists a lightvector-frame 
{E, V, F} defined in a neighborhood of the point p and a postive function 64 
such that K is given by: 

K{V, V) = -2biV, K{V, E) = biE, K{V, F) = b^F, 

K{E, E) = 0, K{E, F) = biV, K{F, F) = 0. 

Proof. First we want to show that at every point the vector v is uniquely 
defined and differentiable. We introduce a symmetric operator A by: 

mc(Y,Z) = h{AY,Z). 

Clearly A is a differentiable operator on with A{e) = 2{H -\- 6|)e, 
i(v) = 2{H + 36l)v and i(f) = 2{H + 6|)f . Since 2{H + Sbj) / 2{H + bj), 
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the operator has two distinct eigenvalues. A standard result then implies 
that the eigendistributions are differentiable. We take V a local unit vec- 
torfield spanning the 1-dimensional spacelike eigendistribution, and local 
orthonormal vectorfields T and W spanning the second eigendistribution. 
Wedefine^ = ^(-f + 1^) andF = ^(T + tI^). □ 

Remark. It actually follows from the proof of the previous lemma that the 
vector field V is globally defined on M^. 

In this section we always will work with the local frame constructed in 
the previous lemma. We denote the coefficients of the Levi-Civita connection 
with respect to this frame by: 

VEE = auE + buV, V eV = a^E - buF, V eF = -a^V - auF, 
VyE = a2iE + b2iV, VvV = a22E - b2iF, VyF = -a22V - a2iF, 
V fE = asiE + bsiV, V fV = a32E - bsiF, V fF = -a32V - a3iF. 

We will evaluate first the Codazzi and then the Gauss equations f (|12p and 
(|13)l) to obtain more informations. 

Lemma 28. Let M'^ be an affine hypersphere inM.^ which admits a pointwise 
SO (1,1) -symmetry and {E,V,F} the corresponding LVB. Then = 6ii = 
621 = 022 = 032, ^31 = -ai2 and V{bi) = -^a^b^, = E{bi) = ^(64). 

Proof. An evaluation of the Codazzi equations H12|) leads to the following 
equations (they relate to eql~eq5 and eq7-eq8 in the Mathematica note- 
book): 

E{b^) = -262164, = 61164, (147) 
= (012 + 631)64, = ^(64), (148) 
^(64) = -401264, (149) 
= 03264, F(64) = 202264 ^(64) = 463164, (150) 

= F(64), (151) 
= 02264, (152) 
= 62164, (153) 

this proves the theorem. □ 
An evaluation of the Gauss equations (fT3|) leads to the following : 
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Lemma 29. Let be an afftne hypersphere in M'^ which admits a pointwise 
SO (1,1) -symmetry and {E,V, F} the corresponding LVB. Then 





V{au) 


— ~'^12 — — H, 


(154) 




F{au) 


= 0, 


(155) 




E{ai2) 


= 0, 


(156) 


E{a2i) 


-V{an) 


= aii(ai2 - 021), 


(157) 


E{a3i) 


-F{an) 


= - 2aiia3i -h\ + H, 


(158) 




-F{a2i) 


= -031(012 + 021). 


(159) 



Proof. The equations relate to eqll-eql2 and eql4-eql6 in the Mathematica 
notebook. □ 

As the vector field V is globally defined, we can define the distributions 
Li = span{y} and L2 = span{£^,F}. In the following we will investigate 
these distributions. 

Lemma 30. The distribution Li is autoparallel (totally geodesic) with re- 
spect to V. 

Proof. From VyV = a22E — b2iF = (cp. Lemma 05)) the claim follows 
immediately. □ 

Lemma 31. The distribution L2 is spherical with mean curvature normal 
U2 = -auV. 

Proof For U2 = -a^V e Li = we have h{V E^Eb, V) = h{Ea, Eb)h{U2,V) 
for Ea,Et G {E,F}, and h{VE^U2,V) = hi-Eaiai2)V + a^V e^V,V) = 
(cp. Lemma Eland ^E^, (CSZl). □ 

Remark. 012 depends of V but not of the choice of basis {E,F} of L2. It 
therefore is a globally defined function on M^. 

We introduce a coordinate function v hy := V . Using the previous 
lemma, according to |PR,93j . we get: 

Lemma 32. (M^,h) admits a warped product structure = I X(.f N"^ 
with f : I ^M. satisfying 

Proof. Prop. 3 in 'PR93J gives the warped product structure with warping 
function A2 : / ^ M. If we introduce / = lnA2, following the proof we see 
that —ai2V = 1/2 = — grad(lnA2) = — grad/. □ 

Lemma 33. The curvature of N"^ is ^ K{N'^) = e^^ {-bl + afg + H). 
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Proof. For the formulas cp. Lem. El Using the Gauss equation (fT3|l (cp. 
the Mathematica notebook) we get: 

{H - hl)E =R{E, F)E = ^R{E, F)E - {E{ai2)V + 012(012^)) + h{E{ai2)V 
+ ai2{ai2E),E)F - h{F{ai2)V + auia^F), E)E + aj^E. 



Thns^ K{N^) = .,(^,g)7v,ffffff^l,^). = e'fhCR{E,F)E,F) = {-bl+ 

al^ + H). □ 

Summarized we have obtained the following structure equations (cp. (0), 
© and ®): 

DvV = -2biV + ^, (161) 

DvE =+(021 + 64)^, (162) 

DvF = + (-021 + b4)F, (163) 

DeV =+{ai2 + b4)E, (164) 

DpV = + (ai2 + b4)F, (165) 

DeE = +auE, (166) 

DeF= -auF +{-ai2 + b4)V + C, (167) 

DfE= +a3iE +(-012 + 64)1^ + ^, (168) 

DfF = - asiF, (169) 

DxC = -HX, (170) 

The Codazzi and Gauss equations f l|12|) and (|1.S|) ) have the form (cp. Lem.l28l 
and El: 

^(64) = -4ai2&4, = E{b^) = F{b^), (171) 

Viau) = -a?2 - 36l - Fiau) = 0, ^(012) = 0, (172) 

E{a2i) - V{an) = 011(012 - 021), (173) 

^^(031) - F{a2i) = -031(012 + 021), (174) 

^(031) - F(aii) = al^ - 2aiia3i -bj + H. (175) 



Our first goal is to find out how N"^ is immersed in R^, i. e. to find an 
immersion independent of v. A look at the structure equations (|16H) - (|17()j) 
suggests to start with a linear combination of V and ^. 

We will solve the problem in two steps. First we look for a vector field 
X with DyX = aX for some funtion a: We define X := AV + ^ for some 
function A on Then DyX = aX iS a = A and = + Ib^A + H, 
and A := — ai2 + &4 solves the latter differential equation. Next we want 
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to multiply X with some function (3 such that DyifiX) = 0: We define a 
positive function /? on M as the solution of the differential equation: 

= (ai2 - 64)/? (176) 

with initial condition I3{vq) > 0. Then Dv{(3X) = and by (fTHl) . (ITTni) 

and we get (since /?, 012 and 64 only depend on v): 



Dvmbi 


-ai2)V + i)) = 


0, 






(177) 


DEmh 


-ai2)V + i)) = 




-ai2- 


-H)E, 


(178) 




-ai2)V + 0) = 


f3{hl- 


- ai2 - 


- H)F. 


(179) 


To obtain an immersion 


we need that u : 


= hl- 


-a?2 - 


- H vanishes nowhere, 



but we only get: 

Lemma 34. The function v = b\ — — H is globally defined, ^(e^'^i^) = 
and u vanishes identically or nowhere on R. 

Proof. Since = ^^K{N^) = -§^{e'^f {-v)) (Lem. 01, we get by ([MTjl 
■§^v = -2ai2V. □ 

8.1 The first case: v ^ on 

We may, by translating /, i.e. by replacing N"^ with a homothetic copy of 
itself, assume that e^^v = ei, where ei = ±1. 

Lemma 35. := /3((64 — 012)^^ + £,)'■ — > induces the structure of 
an indefinite proper affine quadric, say cj), mapping N'^ into a 3- dimensional 
linear subspace o/M^. 

Proof. By (ITTHl) and we have ^^{Ea) = PuEa for Ea £ {E,F}. A 

further differentiation, using l|166|) (/3 and only depend on v), gives: 

De^*{E) = I3vDeE = PuaiiE = au^^E). 

Similarly, we obtain the other derivatives, using H167|) - H159|) . thus: 

De^E) = auME) , (180) 

DeMF)= - au<P4F)+e-^f ei<P, (181) 

DfME)= asi<P4E) +e-^fei'P, (182) 

DfMF)= -asi'P.iF) (183) 

De^^ =l3e-^feiEa. (184) 

The foliation at f = fo gives an immersion of N"^ to M^, say vrj^. Therefore, 
we can define an immersion of A^'^ to by </> := (p o ttj^, whose structure 
equations are exactly the equations above when f = fo- Hence, we know 
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that (f) maps N'^ into span{^*(i?), (p}, an affine hyperplane of 
and = (cp. (|177() implies ^{v,x,y) = 4){x,y). We can read off the 

coefficients of the difference tensor K'^ of (p (cf. and and see that it 
vanishes. The affine metric introduced by this immersion corresponds with 
the metric on N'^. Thus eic/) is the affine normal of (j) and cp is an indefinite 
proper affine quadric with mean curvature ei. □ 

Our next goal is to find another linear combination of V and ^, this 
time only depending on v. (Then we can express V in terms of (j) and some 
function of v.) 

Lemma 36. Define 5 := HV + (64 + 012)^. Then there exist a constant 
vector C G and a function a{v) such that 

5{v) = a{v)C. 

Proof. Using ((TM|) resp. (fTC5|) and (fTTO)) we obtain that De5 = = 
Dp5. Hence 5 depends only on the variable v. Moreover, we get by (|16H) . 
((1121), CZU) and (|T7n|l that 

^5 = Dv{HV + {h^ + ai2)i) 

= H{-2hiV + + (-401264 - a?2 - 2>hl - H)i - (64 + ai2)HV 
= {-2,bi- ai2){HV + {hi + ai2)i) 
= -(364 + ai2)6. 

This implies that there exists a constant vector C in and a function a{v) 
such that 5{v) = a{v)C. □ 

Notice that for an improper affine hypersphere {H = 0) ^ is constant 
and parallel to C . Combining and 5 we obtain for V (cp. Lem. 123 and 
l36)) that 

V{v, X, y) = -^C + ^ib4 + ai2)H^, y)- (185) 

In the following we will use for the partial derivatives the abbreviation : = 
^(p, u = v,x,y. 

Lemma 37. 



= 


a 


c + 


V 






1 




<fx = 








1 




= 
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Proof. As by (|176|) and Lem.l3H^^ = ^(64 + 012), we obtain the equation 
for = V hy lfTH5|) . The other equations fohow from ((T75)) and ifTT^ . □ 

It follows by the uniqueness theorem of first order differential equations 
and applying a translation that we can write 

(f{v, X, y) = d{v)C + ■^{v)4>{x, y) 

for a suitable function o depending only on the variable v. Since C is 
transversal to the image of (p (cp- Lem. ESI and Kffil z/ ^ 0), we obtain 
that after applying an equiaffine transformation we can write: ^p{v, x, y) = 
(71(1'), 72(u)0(x, y)), where (p{x,y) = {0, (p{x,y)). Thus we have proven the 
following: 

Theorem 17. Let be an indefinite affine hypersphere o/M^ which admits 
a pointwise 50(1, 1) -symmetry. Let h\ — 7^ H for some p G M^. Then 
is affine equivalent to 

if : L X : {v,x,y) ^ (7i(?;), 72(v)0(x, y)), 

where <j) : A^^ ^ is a one-sheeted hyperboloid and 'y : I ^ M? is a curve. 

Since the immersion ip has the same form as in the case of S0(2)- 
symmetry, most of the computations for the converse theorem are the same 
(cp. Theorem 13 and the computations thereafter). We just have to keep 
track of the different coordinates and that now the affine metric g of (p is 
indefinite. If H ^ then ip is indefinite and V is spacelike iff i7sign(7i72 — 
TiTs) = sigii(7i72 ~ 7i72)- If = 0, then ip is indefinite and V is spacelike 
iff sign(72) = sign(7^72 — 7i72)- Also the computation of K is completely 
the same as before in the proof of Theorem ^ implying that K^^ restricted 
to the space spanned by ipx and ipy is a multiple of the identity. Taking V 
in direction of <py, we can construct a LVB {E,V,F} with E,F spanning 
span{(/3a;, ipy} such that 64 / and fci = 62 = ^5 = ^6 = 0. By the consider- 
ations in Sec. we see that ip admits a pointwise 50(1, l)-symmetry. 

Theorem 18. Let cp : ^ be a one-sheeted hyperboloid and let 
7 : / ^ be a curve, such that (p{t,v,w) = (7i(t), 72(t)(/'(f , ti;)) defines 
a 3-dimensional indefinite affine hypersphere. Then 'p>{N'^ x I) admits a 
pointwise 50(1, \)-symmetry. 

(i) Ifj = (71,72) satisfies 72I7172 - 7h2|^ = \lW2 - 7i72l(7l)^ ^ 0, 
then ip defines a 3-dimensional indefinite proper affine hypersphere. 

(ii) Ifj = (71,72) satisfies 7|l72l^ = I7W2 - 7i72l(7l)^ / 0, then ^ 
defines a 3-dimensional indefinite improper affine hypersphere. 
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8.1.1 The second case: u = and H ^ on 

Next, we consider the case that H = b\ — and H ^ on M^. It fohows 
that 64 / ±012 on M^. 

We aheady have seen that M"^ admits a warped product structure. For a 
fixed point vq , we get from - , (|178|) and (|179j) , using the notation 

1= (64-ai2)F + e: 

DEE = + anE, (186) 
DeF = - auF + i, (187) 
DpE = + asiE + e, (188) 
DpF = - asiF, (189) 
DE.i=0, Ea£{E,F}. (190) 

Thus, if X and y are local coordinates which span the second distribution 
L2, then we can interprete (p{v(), x, y) as a indefinite improper affine quadric, 
i. e. a hyperbolic paraboloid, in a 3-dimensional linear subspace. 

After applying a translation and a change of coordinates, we may assume 
that 

vivo, X, y) = (x, y, f{x, y), 0), (191) 

with affine normal i{vo,x,y) = (0,0, 1,0). Notice that by (fT77)) - (fT7^ we 
have that DxiPS,) = 0, X G X{M). Taking suitable initial conditions for 
the function (3 (/3(fo) = 1), we get that = (0,0, 1,0) and thus 

e = ^(0,0,1,0) -(64- ai2)F. (192) 

Applied to (|l()lj) we get for fixed x, y the following second order linear ODE: 

DyV = iai2-3b^)V + ^(0,0,1,0). 

The solution has the form 

V{v,x,y) = 5i{v){52{v){0,0,l,0) +Cix,y)), (193) 

where 5'i{v) = {au — 3b4)5i{v) and 52{v) = j^iv)- To obtain V at vq, we 
consider H164|) and H165|) and get that 

DeAV -{ai2 + b4)v)=0, Eae{E,F}. 

Evaluating at v = vq, this means that there exists a constant vector C such 
that 

V{vo,x, y) = (ai2 + b4){vo)ip{vo,x, y) + C. (194) 
Since C must be transversal to spanji?, F, 99} = spanjii^, F, we can write: 

^(^^0, X, y) = ai{x, y, f{x, y), 02), 
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where ai,a2 7^ and we applied an equiaffine transformation so that 
C = (0,0,0,0102). If we compare with ()193|) . then we see that C{x,y) = 
S^){x,yJ{x,y),a2) - 62{vo){0,0, 1,0), and therefore: 

V{v, X, y) = 6i{v){x, y, f{x, y) + 52(?;), 02), (195) 

where 5[{v) = (012 - 'ihi)5i{v), 5 i{vq) = ai, and d^iv) = -^{v), S2{vq) = 0. 
Respecting the initial condition (|191|) . after integration we obtain that 

ip{v,x,y) = {ji{v)x,ji{v)y,ji{v)f{x,y) + 72 (w), 02(71 (^) - 1)), 

where j'liv) = di{v), ji{vo) = 1, and 72(w) = Si{v)62{v), 72(^0) = 0. After 
applying an affine transformation we have shown: 

Theorem 19. Let be an indefinite proper affine hypersphere o/M^ which 
admits a pointwise 5*0(1, 1)- symmetry. Let H = ^4 — 012(7^ 0) on M^. Then 
is affine equivalent with 

ip : I X ^ R'^ : {v,x,y) ^ {-fi{v)x,-fi{v)y,ji{v)f{x,y) + "f2{v),ji{v)), 

where ijj : N"^ "M? : {x,y) ^ {x,y, f{x,y)) is a hyperbolic paraboloid with 
affine normal (0, 0, 1) and 7 : / ^ is a curve. 

Since the immersion ip has the same form as in the case of 50(2)- 
symmetry, most of the computations for the converse theorem are the same 
(cp. Theorem 13 and the computations thereafter). We just have to keep 
track of the different coordinates and that tp is indefinite, i. e. fxxfyy — fxy = 
— 1. Thus (f is indefinite and V is spacelike iff sign (71 72 — 7^72) = 
sign(7[72 — 7i72). Also the computation of K is completely the same as 
before in the proof of Theorem |H1 implying that K^^ restricted to the space 
spanned by ipx and is a multiple of the identity. Taking V in direction 
of ipv, we can construct a LVB {E, V, F} with E, F spanning span{(^^, py} 
such that 64/0 and 61 = 62 = ^5 = ^6 = 0- By the considerations in SecE] 
we see that p admits a pointwise 50(1, l)-symmetry. 

Theorem 20. Let ijj : N"^ ^ "M? be a hyperbolic paraboloid with affine 
normal (0,0,1), and let ^ : L ^ R? be a curve, such that ip{v,x,y) = 
(7i(i')x, 7i(i;)y, 7i(t;)/(a;, y)+72(f ), 7i(v)) defines a 3-dimensional indefinite 
proper affine hypersphere. Then f{N'^ x /) admits a pointwise 50(1, 1)- 
symmetry. 

Moreover, if-f = (71,72) satisfies 7i l7i72 - TWal^ = 17172 -7i72l(7l)^ / 0; 
then ip defines a 3-dimensional indefinite proper affine hypersphere. 

8.1.2 The third case: 1^ = and H = on 

The final cases now are that v = ^ and i7 = on the whole of and hence 
ai2 = ±64. 
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First we consider the case that 012 = 64 =: 6 > 0. Again we use that 
admits a warped product structure and we fix a parameter vq. At the point 
vo, we have by (|TH6|) - (|T7n|) : 

DeE =+aiiE, 
DeF = 
DpE = +a^iE 
DpF = 
Dxi = 0. 

Thus, if X and y are local coordinates which span the second distribu- 
tion L2, then we can interprete (p{vo,x,y) as an indefinite improper affine 
quadric, i. e. a hyperbohc paraboloid, in a 3-dimensional linear subspace. 

Completely analogous to the case of S'0(2)-symmetry we obtain by H171() 
that we can take b = v > 0, and arrive at the following linear second 
order ordinary differential equation (cp. (|8()j) ): 

92 Id 

where S,{v,x,y) = (0,0,1,0). Thus we end up with (cp. (|S7|) '): 

(f{v,x,y) = {vx,vy,vf{x,y) — cv'^,v), c,v > 0. (196) 

Next we consider the case that — ai2 = 64 =: 6 > 0. Again we use that 
admits a warped product structure and we fix a parameter vq. As in 
the second case we can interpret (p{vo,x,y) as an indefinite improper affine 
quadric (cp. (|l<SHj) - (|l<S9|) ) with constant affine normal ^ = 2bV + ^, i. e. 
we get a hyperbolic paraboloid in a 3-dimensional linear subspace. Also, 
in analogy to the case of S'0(2)-symmetry (just notice the different sign in 
the definition of .^), we can take b = ^j^, v < 0, and arrive at the following 
ordinary differential equation: 

d 

—LP = ^/[^\C + 2vi, V <Q. 
ov 

As before we get that the hypersurface is affine equivalent to: 

(p{v,x,y) = {x,yj{x,y) +cv^,v^), c,v > Q. (197) 
Combining both results (|19(i|) and (|197|) we have: 

Theorem 21. Let be an indefinite improper affine hypersphere 0/ R'^ 
which admits a pointwise SO (1,1) -symmetry. Let 0^2 = b\ on M^. Then 
is affine equivalent with either 

(f : L X N'^ — > : {v, x, y) 1-^ {vx, vy, vf{x, y) — cv'^,v), (ai2 = 64) or 
if : I X ^R'^ : {v,x,y) ^ {x, y, f{x, y) + cv'^,v^), (-012 = 64) 
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where tp : N"^ — > : {v,w) i— > {v,w,f{v,w)) is a hyperbolic paraboloid with 
affine normal (0, 0, 1) and c,t E M"*". 



The computations for the converse statement can be done completely 
analogoTis to the previous cases, they even are simpler (the curve is given 
parametrized). 

Theorem 22. Let ip : N"^ M"^ : {v,w) ^ {v,w,f{v,w)) be a hyperbolic 
paraboloid with affine normal (0, 0, 1). Define ip{t, v, w) = (tv, tw, tf(v, w) — 
ct'^jt) or ip{t, V, w) = {v, w, f{v, w) + ct^, t'^), where t G M+, c / 0. Then f 
defines a 3-dimensional indefinite improper affine hypersphere, which admits 
a pointwise SO{l, l)-symmetry. 
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